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�SS,"0Q$� /X �QG!EE�$ !$� �U,G- �$ 0�$ N"!GG�$
 ! "��#��
$� %�������&���
�
&E J&"��$0�$ )O (�$ U,( 0�$ P��(,' +(5D<;87)5 )=3;5==�2;D573- �,$*
�"6$�%�+$ 4 '*"�'*��* '$%*"$$,�*) O�,�$ A,B ⊆ Γ∗ � G& 0!GG A Q$0 B0,G�Q$1#� 0*  * A ∩ B = ∅

*
M!$$  �,'�$ A Q$0 B ;5D<;87) <=3;5==�2;�U�$$ �G 1�,$� �$#G- �,0S!(� Q�$V�� C ⊆ Γ∗ �,S# E,#

A ⊆ C Q$0 B ∩ C = ∅.
M!(!QG )&"�# Q$E,##�"S!(� 0!GG G&U& " A !"G& !Q- B Q$�$#G- �,0S!( G,$0*
�"6$�%�+$ 7 O�,�$ A,B ⊆ Γ∗ �X, Y ⊆ Σ∗ Q$0 A∩B = ∅ G&U,� X ∩ Y = ∅

*
M!$$ 0�T$,�(�$ U,(X
(A,B) ≤ (X, Y ) :⇐⇒ �G �,S# �,$� #&#!"� S�(�- �$S!(� JQ$1#,&$ f :

Γ∗ → Σ∗ E,# f(A) ⊆ X Q$0 f(B) ⊆ Y
*

F,( 1�$$�$ $Q$ 0!G )&"��$0� L�EE! !$��S�$*
."--� 4 �575= A,B ;5D<;87) <=3;5==�2;� <=> 58 @7?3 (A,B) ≤ (X, Y ) ��2== B C?@3�

X <=> Y 87=> ;5D<;87) <=3;5==�2;�
3
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A

B

C

�SS,"0Q$� HX ��(!$G- !Q",- Q$� 0�G P��(,'G +(5D<;87)5 )=3;5==�2;D573-
F,( 0�T$,�(�$ 0,� )&"��$0�$ (�1Q(G,% Q$#(�$$S!(�$ #!"#�>(&S"�E�X

• H+
λ := {ρ(M) |M �1��>#&(� M !1��>#,�(# λ}

• H−λ := {ρ(M) |M �1��>#&(� M %�(U,()# λ}
• H∞λ := {ρ(M) |M �1�*� P�(�- �* %*M !Q) λ ,G# Q$�$0"* Q* $,- # >�(,&0,G- }

2E �Q ��,��$� 0!GG �G G,- S�, 0�$ ��(!0� 0�T$,�(#�$ '(&S"�E #!#G/- ",- QE(�1Q(G,% Q$#(�$$S!(� '(&S"�E�  !$0�"#� S�U�,G�$ U,( 0�$ )&"��$0�$ O!#�*
;�%� 4

H+
λ , H

−
λ

<=>H∞λ 87=> �22;�5785 ;5D<;87) <=3;5==�2;�
������ 0�0Q1#,&$ M 7−→M ′ MQ(,$�V�1��>#&( E,#
fM(x) = 1 =⇒ M ′ !1��>#,�(# x
fM(x) = 0 =⇒ M ′ %�(U,()# x!$0�($)!""G =⇒ P�(�- $Q$� %&$ M !Q) λ Q$�$0",- Q$0 $,- # >�(,&0,G- 
@"-"*�'$("

ρ(M) 7−→ ρ(M ′) ,G# �'�1#,%*
%� E�$ U,( !$� C #(�$$� �U�, Q�$��$ !QG H+

λ , H
−
λ , H

∞
λ

* M�T$,�(�
SC := {fM : ρ(M ′) ∈ C}

!"G $,- #V#(,%,!"� N"!GG� %&$ #Q(,$�VS�(�- �$S!(�$ JQ$1#,&$�$*

?
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A

B

X

Y

Γ∗ Σ∗

�SS,"0Q$� JX ��(!$G- !Q",- Q$� �Q L�EE! H
F�$$ C �$#G- �,0S!( ,G#� 0!$$ ,G# !Q- 

-&0�(SC) = {ρ(M) | ρ(M ′) ∈ C}

�$#G- �,0S!(*
M,�G ,G# !S�( &'�$G,- #",- �,$ F,0�(G>(Q- �QE O!#� %&$ 0,-�*
;�%� 7 '�*��!%"$,*+% ��=H) �8 @7�3 57=5 5=>?7945 �7@=23<; τ � 8C >288
�7=�23(��(τ))� $C=�23(��(τ)) <=> A=B �&*(��(τ)) �22;�5785 ;5D<;87) <=�3;5==�2; 87=>�A=8�58C=>5;5 87=> 2?8C �7=�23(��(τ))� �23(��(τ)) <=>  2?(��(τ)) <=5=3�89457>�2;�
������ F,( )O (�$ �,$� �'�1#,%� 0�0Q1#,&$ ρ(M) 7−→ ψM ∈

J�
(τ)

0Q(- E,#X
R!W M !1��>#,�(# λ =⇒ ψM

 !# �,$ �$0",- �G Q&0�""*
RSW M %�(U,()# λ =⇒ ψM

,G# Q$�()O""S!(*
R-W P�(�- $Q$� %&$ M !Q) λ ,G# Q$�$0",- Q$0 $,- # >�(,&0,G- 

=⇒ ψM
,G# 2$�$0",- 1�,#G!K,&E*

O�, M MQV�1��>#&( E,# �QG#!E0GE�$�� Q = {q0, . . . , qr} � �$)!$�G�QG#!$0
q0 � �"> !S�# Σ = {a0, . . . , as}

E,# a0 = t RP"!$1VO,ES&"W� +$0�QG#!$0GVE�$�� F = F+ ∪ F− � �S�(�!$�G)Q$1#,&$ δ : Q × Σ → Q × Σ × {−1, 0, 1}
*

I
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H+
λ

H−
λ

H∞
λ

J�
(τ)

������
��

���
��

∞����

�SS,"0Q$� LX ��(!$G- !Q",- Q$� 0�( 0�0Q1#,&$ !QG 0�E P�U�,G �Q O!#� J
O�,

τ = {0, f, q, p, w},U&S�, f � q Q$0 p �,$G#�"",�� JQ$1#,&$�$ 0!(G#�""�$ Q$0 w �,$� �U�,G#�"",��
JQ$1#,&$ S���,- $�#* M!(OS�(  ,$!QG G�, k := ff . . . f︸ ︷︷ ︸

k����
0 ∈ T (τ)

*
�$%"$&�"*%"� 8+&"��

AM
%&$ ψM X

2$,%�(GQE A = {0, 1, . . . , n} &0�( A = N RA S���,- $�# ��,#>Q$1#�W*

f(t) =

{
t+ 1 U�$$ t+ 1 ∈ A
t G&$G#

q(t) = i ⇐⇒ M
S�T$0�# G,- �Q( ��,# t ,E �QG#!$0 qi

w(s, t) = i ⇐⇒ �Q ��,# t ,G# !Q) J�"0 s 0!G O,ES&" ai
p(t) : N&>)>&G,#,&$ �Q( ��,# #

M�T$,�(� 0!$$ 0,� J&(E�" ψM U,� )&"�#X
ψM := OM�0M ∧ R�Q'2M+ ∧

+%M
,

P



� ��� ���������� ��������������	�����

U&S�, 0,� N&$�Q$1#� ,E +,$��"$�$ U,� )&"�# 0�T$,�(# G,$0X
OM�0M := q0 = 0 ∧ p0 = 0 ∧ ∀x(w(x, 0) = 0)��Q ��,# I ,G# M ,$ 0�( �$)!$�G1&$T�Q(!#,&$ !Q) &$>Q# λ.]

R�Q'2M+ := ϕ ∧
∧

(qi,aj)
δ
7→(qk,al,m)

∀y(αij → βk,l,m

ϕ := ∀x∀y (py 6= x→ w(x, fy) = w(x, y))�P!$0,$G- (,)# !Q) $,- # S�!(S�,#�#�$ J�"0�($ S"�,S# Q$%�(/$0�(#*�
αij := qy = i ∧ w(py, y) = j��Q( ��,# y ,G# M ,$ �QG#!$0 qi Q$0 ",�G# O,ES&" aj *�

βk,l,m := q(fy) = k ∧ w(py, fy) = l ∧
Q��+

m

Q��+
m :=






pfy = py U�$$ m = 0
pfy = fpy U�$$ m = 1
∃z(fz = py ∧ pfy = z) U�$$ m = −1

+%M
:=

∧

(qi, aj)E,# δ(qi, aj) Q$0�)*Q$0 qi /∈ F+

∀y¬αij

�M,� P�(�- $Q$� 1!$$ $Q( 0Q(- �,$� !1��>#* N&$T�Q(!#,&$ S��$0�# U�(0�$*�

. . .

py

x

M!$$ �,"#X
• ψM

,G# !Q) ρ(M) �'�1#,% 1&$G#(Q,�(S!(*
• F�$$M 0!G "��(� F&(# !1��>#,�(#� 0!$$ ,G# 0!G ,$#�$0,�(#� Q&0�""

AM�$0",- � Q$0 �G �,"#
AM |= ψM

*
• F�$$ M !Q) λ Q$�$0",- "!$�� (�- $�#� 0!$$ ,G#

AM
Q$�$0",- Q$0

AM |= ψM
*

S
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O�,
B = (B, 0, f, q, p, w) |= ψM

*
�"6$�%�+$ .

B
5;��7=@3 0,� N&$T�Q(!#,&$ (qi, j, w) �Q( ��,# t RU&S�, w =

ai0 . . . aim
W� U�$$

!W
B |= qt = i

SW
B |= pt = j

-W )O( !""� k ≤ m �,"#X
B |= w(k, t) = ik

Q$0)O( !""� k > m �,"#X
B |= w(k, t) = 0

M!
B |= ψM � �,"#X
• B

�(�U,$�# C0 = (q0, 0, λ) �Q( ��,# I� 0! B |= OM�0M*
• F�$$

B
�Q( ��,# t 0,� N&$T�Q(!#,&$ Ct

�(�U,$�#� U�"- � $,- # �,V$� !1��>#,�(�$0� N&$T�Q(!#,&$ ,G#� 0!$$ �K,G#,�(# �,$� N&$T�Q(!#,&$
Ct+1 =

%�K#(Ct) Q$0 B
�(�U,$�# Ct+1

�QE ��,#>Q$1# t+ 1
*

&$GS�G&$0�(� 1!$$ M 1�,$� %�(U�()�$0� N&$T�Q(!#,&$ �((�,- �$* F�$$ M
λ %�(U,()#� 0!$$ ,G# ψM Q$�()O""S!(* F�$$ M Q$�$0",- %,�"� )5;89475>5=5
N&$T�Q(!#,&$�$ 0Q(- "/Q)#� 0!$$ ,G# ��0�G

B |= ψM
Q$�$0",- *

/I
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F,( U,GG�$ S�(�,#G� 0!GG O!#(J�
) Q$�$#G- �,0S!( ,G#* F,( G,$0 0�G !"S !$ 0�(P�!$#U&(#Q$� 0�( J(!�� ,$#�(�GG,�(#� )O( U�"- � J(!�E�$#� X ⊆

J� O!#(X)�$#G- �,0S!( ,G#* �$!"&� )O( J,$O!#(X) �#-*M,� '(&S"�E!#,1 0!S�, ,G#� 0!GG �G OS�(!S�/ "S!( %,�"� X ⊆
J� �,S#* JO(U�"- � X G&"" 0,�G� J(!��G#�""Q$� !"G& S�#(!- #�# U�(0�$$+G �K,G#,�(�$ S�(�,#G �,$� 0�, � 1"!GG,G- �( +$#G- �,0S!(1�,#G(�GQ"#!#� !QG0�$ HI�(KJI�( Y! (�$* O& ,G# 0,� +()O""S!(1�,# S�,G>,�"GU�,G� �$#G- �,0S!( )O(

• (�"!#,&$!"� E&$!0,G- � J&(E�"$� �L�U�$ �,E /S/3�

• (�"!#,&$!"� J&(E�"$ 0�( J&(E ∃x1 . . .∃xn∀y1 . . .∀ymϕ
Rm,n ∈ N� ϕ

�Q!$#&(�$)(�,W� �P�($!,GVO- �$T$1�" /SHP�

• (�"!#,&$!"� J&(E�"$ 0�( J&(E ∃x1 . . .∃xn∀y∃z1 . . .∃zmϕ
��-1�(E!$$

/SHP�

• (�"!#,&$!"� J&(E�"$ 0�( J&(E ∃x1 . . .∃xn∀y1∀y2∃z1 . . .∃zmϕ
R& $� =W

�.�0�" /SJH�
M,� !$��G>(&- �$�$ J&(E�"!(#�$ U�(0�$ !"G 1"!GG,G- � "�GS!(� J/""� 0�G +$#VG- �,0Q$�G>(&S"�E S�#(!- #�#* M,� ��U�,",��$ P�U�,G� 1�$$�$ %,! JQ' ��V)O (# U�(0�$*F,( S�#(!- #�$ ,E J&"��$0�$ G&��$!$$#� B*	6G9;�($�%'*95����"$

[ Π︸︷︷︸
�
� ���
 {∃,∀,∃∗,∀∗}
, (p1, p2, . . .), (f1, f2, . . .)](=)

�"6$�%�+$ = .���S�$ G�, �,$ M&E,$&G,G#�E
D = (D,H, V )� U&S�, D �,$��$0",- � Q�$�� Q$0 H, V ⊆ D ×D G�,�$*

M!(OS�(  ,$!QG S�$�#,��$ U,( �,$ +O>,�")�"0- S � �*P*S = N×N &0�( S = Z×Z�#-*

�;8 :;B678SL6B;L MSL6289J4;L �S:M;BL C;97;47 28; 58TL67=: 6=99J4B8;�B8J4 6=9 ;8L97;B�B8T;L Q;B678SL;L3��8: 9J4:;8C;L 28;9; �:7 >SL �S:M;BL <=:@ 6B9 [∃∗∀∗]

//
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�,�" ,G# 0,� *2;D53375;<=@ %&$ S E,#
D � 0,� U,( !"G JQ$1#,&$ p : S → D0!(G#�""�$ U�(0�$� Q$0 �U!( G&� 0!GG )O( !""� (x, y) ∈ S X

〈p(x, y), p(x+ 1, y)〉 ∈ H Q$0
〈p(x, y), p(x, y + 1)〉 ∈ V

�,"#*
JO( S�",�S,�� M&E,$&G,G#�E�

D
�,"# 0!$$ 0�( )&"��$0� O!#�*

;�%� . �57
D

57= �5?75�7@58 �C67=C8�8356� �2== @7?3�
D

�2;D53375;3 N × N ⇐⇒ D
�2;D53375;3 Z × Z.

������ M,� .O"#,�1�,# 0�( +#,$V0,- #Q$�- ⇐ ,G# Q$E,##�"S!( �(G,- #",- *
JO( 0,� +0O-1V0,- #Q$�- ⇒ 1&$G#(Q,�(�$ U,( �,$�$ �$0",- %�(�U�,�#�$ P!QEE,# S�",�S,� "!$��$ �$0",- �$ ')!0�$* %!- 0�E �5662 )C= ��=7@ �K,G#,�(#0!$$ !Q- �,$ Q$�$0",- �( ')!0*O�, p : N×N → D �,$� '!(1�##,�(Q$�* M!$$ �,S# �G RE,$0�G#�$GW �,$ d ∈ D �G& 0!GG )O( !""� n ∈ N i, j > n �K,G#,�(�$ E,# p(i, j) = d

* J,K,�(� d *M�T$,�(� 0�$ 0!QE
Sk := {−k,−k + 1, . . . , 0, . . . , k}2.

M�T$,#,&$ 0�G P!QEGX
R,W M,� �=C35= >58 �2<658 S�G#� �$ !QG 1&((�1#�$ '!(1�##,�(Q$��$ pk :

Sk → D E,# pk(0, 0) = d
*

R,,W M,� �<;�5? 0�G P!QEG �$# /"# 0,� �,$0�Q#,�� '!(1�##,�(Q$� p0 : S0 →
D E,# p0(0, 0) = d

*
R,,,W M,� �7=>5; %&$ pk G,$0 !""� +(U�,#�(Q$��$ pk+1 > pk � !"G& '!(1�##,�V(Q$��$ %&$ Sk+1

*
M�( G& 0�T$,�(#� P!QE S�G,#�# 0!$$ 0,� )&"��$0�$ +,��$G- !)#�$X

•
+( ,G# �$0",- %�(�U�,�#*

•
+( S�G,#�# S�",�S,� "!$�� ')!0�� 0�$$ $!- �&(!QGG�#�Q$� �K,G#,�(# �Q
��0�E n ∈ N �,$ (i, j) E,# i, j > n� p(i, j) = d

* �"G& 0�T$,�(# p �,$�
1&((�1#� '!(1�##,�(Q$� �,$�G Sn � Q$0 0!$$ �K,G#,�(# �,$ F�� 0�( L/$��
n ,E P!QE*

/H
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d

%!- 0�E L�EE! %&$ N�$,� �K,G#,�(# 0!$$ !Q- �,$ Q$�$0",- �(F�� p0, p1, p2, . . .,E P!QE� U�"- �( �,$� '!(1�##,�(Q$� p∞ %&$ Z × Z
0�T$,�(#*

:5@�� (n,m) ∈ Z × Z
* F/ "� k := max{n,m}

*
O�#��

p∞(n,m) := pk(n,m).+,$� U,- #,�� �!(,!$#� %&$ M&E,$&>(&S"�E�$ ,G# 0!G ,E )&"��$0�$ 0�T$,�(#�
# �&+-�$+)*+,�"-X
C"(!"

D
M&E,$&G,G#�E� d0 ∈ D

*
F*�("" +K,G#,�(# �,$� '!(1�##,�(Q$� p : N × N → D E,# p(0, 0) = d0

$

;�%� = �75 15=@5 2??5; �C67=C8�83565� �5?945 57=5 �5;7C>78945 *2;D53375�;<=@ 5;?2<�5= <=> >75 15=@5 >5; �C67=C8�83565� �5?945 @2; D57=5 *2;D53�375;<=@ 5;?2<�5=� 87=> ;5D<;87) <=3;5==�2;� &=2?C@58 @7?3 B(; �9D>C67=C�;C��?565�
������ M�( P�U�,G )O( 0�$ O>��,!")!"" 0�( +-10&E,$&>(&S"�E� ,G# (�"!#,%�,$)!- R)O( 0,�G�$ G&"" ,E J&"��$0�$ �,$� P�U�,GG1,��� !$����S�$ U�(0�$W�0�( P�U�,G )O( 0�$ !""��E�,$�(�$ J!"" ,G# ��0&- G- U,�(,�*A>55� M&#!"� S�(�- �$S!(� JQ$1#,&$ f : ρ(M) 7→ (DM , d0)

E,#X
M !1��>#,�(# λ =⇒ (DM , d0)

�("!QS# >�(,&0,G- � '!(1�##,�(Q$�*
M %�(U,()# λ =⇒ (DM , d0)

�("!QS# 1�,$� '!(1�##,�(Q$�*
ρ(M) ∈ H∞λ =⇒ (DM , d0)

�("!QS# �,$� '!(1�##,�(Q$�� ��0&- 1�,$� >�(,&0,G- �*
/J
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����������������	�����

@"*" !$'$( *+$
M

�'� λ
'!(1�##,�(Q$� %&$ (DM , d0)

X
∗ ∗

∗ ∗

∗ · · ·

· · · · · ·

���
w0

w0 w1

w1 w2

w2

b

(q,wp)

(q,wp)

(q,wp)

(q,wp)

(q′,wp+1)

wp+1

wp+1

%
: Ct = (q, p, w0w1 . . . wm) :
w0 . . . wp−1(q, wp)wp+1 . . . wm t . . .t

d0

∗ ∗

∗ ∗

∗ ∗∗ ∗

∗ ∗

∗ ∗

∗∗

∗∗ ∗∗

∗

∗

∗

(q0,t) t t

H
: C0 = (q0, 0, λ)

/L
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δ(q0, wp) = (q′, b, 0)

(q,wp)

(q′, b)

 

δ(q, wp) = (q′, b, 1)

a

b

(q,wp)

(q,wp)(q,wp)

(q′, a)

δ(q, wp) = (q′, b,−1) !$!"&�
N&$G#(Q,�(� (DM , d0)

G&� 0!GGX
•
0,� �(G#� ��,"� 0�( '!(1�##,�(Q$� �,$0�Q#,� S�G#,EE# ,G#* M,� J/(SQ$�0�( &S�(�$ N!$#� S�G- (�,S# 0,� &$>Q#1&$T�Q(!#,&$ !Q) λ *

• U�$$ 0,� &S�(� N!$#� 0�( jV#�$ ��,"� �,$�( '!(1�##,�(Q$� �,$� N&$TV�Q(!#,&$ C %&$ M S�G- (�,S#� Q$0 C $,- # #�(E,$,�(�$0 ,G#� 0,� &S�(�
N!$#� 0�( (j + 1)V#�$ ��,"� G- ",�'",- 0,� N&$T�Q(!#,&$ %�K#RC W S�VG- (�,S#*

• U�$$ 0,� N&$T�Q(!#,&$ C %�(U�()�$0 ,G#� 0,� '!(1�##,�(Q$� $,- # )&(#V��G�#�# U�(0�$ 1!$$� U�$$ C !1��>#,�(�$0 ,G#� 1!$$ G,� E,# 0�( �(G#�$
��,"� >�(,&0,G- )&(#��G�#�# U�(0�$*

�$D"$&'$("
O�, X ⊆

J�*
X ,G# 1&$G�(%!#,%� 0�0Q1#,&$G1"!GG�� U�$$ E!$ )O( ��0�G M&VE,$&G,G#�E

D
�,$�$ O!#� ψD ∈ X 1&$G#(Q,�(�$ 1!$$ E,#X

/W
D

�("!QS# �,$� >�(,&0,G- � '!(1�##,�(Q$� %&$ N × N
=⇒ ψD ∈

J,$O!#(X)

HW
D

�("!QS# 1�,$� '!(1�##,�(Q$� %&$ N × N
=⇒ ψD ∈

%&$O!#(X)

JW
D

�("!QS# �,$� '!(1�##,�(Q$�� !S�( 1�,$� >�(,&0,G- �
=⇒ ψD ∈

&$)V�K(X)

@"��)�"� � [∀∃∀, (0, ω), 0]� 0* * J&(E�"$ ∀x∃y∀zϕ Rϕ �Q!$#&(�$)(�,� �$# /"#$Q( �U�,G#�"",�� 0�"!#,&$�$W*
/3
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;�%� A
[∀∃∀, (0, ω), 0]

783 DC=85;)237)5 (5><D37C=8D?2885�
������ N&$G�(%!#,%� 0�0Q1#,&$

D 7−→ ψD� D = (D,H, V )
*

��(U�$0� 0,� 0�"!#,&$ Pd Rd ∈ DW E,# 0�( ,$#�$0,�(#�$ &$#�(>(�#!#,&$ Pd :=
{(i, j) ∈ N × N | p(i, j) = d}

*

ψD = ∀x∃y∀z
∧

d6=d′

(Pdxz → ¬Pd′xz)

∧
∨

(d,d′)∈H

(Pdxz ∧ Pd′yz) ∧
∨

(d,d′)∈V

(Pdzx ∧ Pd′zy)

/W
D

>!(1�##,�(# N × N E,#  &(,�&$#!"�(K%�(#,1!"�( '�(,&0� h� v � 0*  *
p(x+ h, y) = p(x, y + v) = p(x, y).

F/ "� t := 1��(h, v)
*

+G �K,G#,�(# 0,� )&"��$0� '!(1�##,�(Q$�X Z
/

tZ × Z
/

tZ → D

A =

(
Z
/

tZ, (Pd)d∈D

) E,# Pd = {(i, j) | pt(i, j) = d}

M!$$ �,"#X
A |= ψD : �Q x U/ "� y := x+ 1 (mod t)

Q$0
A
,G# �$0",- �G Q&0�"" %&$ ψD

* �$!"&�X
D

�("!QS# RS�",�S,��W '!(1�##,�(Q$� %&$ N × N =⇒ ψD
 !# Q&0�""E,# 2$,%�(GQE N

*
+G S"�,S# �Q ��,��$� 0!GG ψD

�,$ R�$0",- �GW Q&0�"" S�G,#�# =⇒ D�("!QS# R>�(,&0,G- �W '!(1�##,�(Q$� %&$ N × N
*

F,( S,"0�$ 0,� O1&"�EV%&(E!")&(E %&$ ψD
X

ψD = ∀x∀y
∧

d6=d′

(Pdxz → ¬Pd′xz)

∧
∨

(d,d′)∈H

(Pdxz ∧ Pd′fx z)

∧
∨

(d,d′)∈V

(Pdzx ∧ Pd′z fx)

/?



� ��� ��������������	����� ���
����������������	�����

O�,
B = (B, f, (Pd)d∈D) |= ψD

* M�T$,�(� p : N×N → D
* F/ "� b ∈ B

*
p(i, j) := d

)O( 0!G �,$0�Q#,�� d E,#
B |= Pd(f

ib, f jb)

M!
B |= ϕD

,G# p 1&((�1#� '!(1�##,�(Q$�*
O�,

B
�$0",- � b ∈ B

*
· · ·

ff f

F/ "� b G&� 0!GG
f tb = b

)O( ����S�$� t ∈ NRM!
B

�$0",- ,G#� �K,G#,�(# �,$ G&"- �G b*WQ,# G&"- �E b ,G# 0,� 1&$G#* '!(1�##,�(Q$� >�(,&0,G- *
'(/TKVO,�$!#Q(VN"!GG�$ [π, (p1, p2, . . .), (f1, f2, . . .)](=)

• π ,G# �,$ F&(# OS�( {∃, ∀, ∃∗, ∀∗} � 0�T$,�(#� Q�$�� %&$ *;��*5=*
• pi ≤ ω

S�G- (/$1# 0,� �$�! " 0�( 0�"!#,&$GG,ES&"� 0�( O#�"",�1�,# i*
• fi ≤ ω

S�G- (/$1# 0,� �$�! " 0�( JQ$1#,&$GG,ES&"� 0�( O#�"",�1�,# i*
F,( %�(�,$S!(�$ 0,� )&"��$0�$ !S1O(��$0�$ O- (�,SU�,G�$X

• (ω)
)O( (ω, 0, 0, . . .)

• (0, 1)
)O( (0, 1, 0, 0, . . .)

• all
)O( +1�,$� +,$G- (/$1Q$�-

@"��)�"� 4 +$#G- �,0S!(� N"!GG�$ G,$0 Q*!*
Q�% X (�"!#,&$!"� E&$!0,G- � J&(E�"$ : [all, (ω), (0)]

;�%� E �57
ϕ ∈ �� 57= �23� >5; �7@=23<; {P1, . . . , Pm}

/
Pi

57=835??7@5 (5�?237C=88�6�C?5�� �5== ϕ 57= 1C>5?? 423� >2== 2<94 57=58 673 ≤ �;(ϕ) · 2m
�?565=35= /�;� �<2=3C;5=;2=@��
=⇒ �1* )C= 1�$

/I



� ��� ��������������	����� ���
����������������	�����

=⇒
�23

(
1�$) = �7=�23(1�$)

783 5=389457>�2; 7= $�0*�A1� /5;;235
�5894;57�<=@ 57=58 1C>5??8

A
673 ≤ �;(ϕ) · 2m �?565=35=� *;(B 5� C�

A |= ϕ.)

������ F,( �(,$$�($ Q$G !$ 0,� )&"��$0�$ !QG 0�( �&("�GQ$� +Q!# �E!#,VG- � L&�,1- S�1!$$#�$ �QG!EE�$ /$��*
A ≡r B :

)O( ��0�$ O!#� ψ E,# �((ψ) ≤ r �,"#X
A |= ψ ⇐⇒ B |= ψ

M�( O!#� %&$ + (�$)�Q- #VJ(!,GG� G!�# !QGX
A ≡r B ⇐⇒

&& ��U,$$# 0!G +*VJ*VO>,�" Gr(A,B).

A>55�
N&$G#(Q,�(� !QG S�",�S,��E

A = (A,P1, . . . , Pm) �,$
B = (B,P ′1, . . . , P

′
m)E,#X

|B| ≤ r · 2m,A ≡r BO�,
A = (A,P1, . . . , Pm)

* Q,# ��0�E a ∈ A !GG&�,,�(�$ U,( �,$� J!(S�
c(a) = c1, . . . , cm ∈ {0, 1}m E,#
ci =

{
1

)!""G a ∈ Pi
0

)!""G a /∈ Pi

=⇒ A U,(0 ,$ 2m
J!(S1"!GG�$ Ac Rc ∈ {0, 1}mW Q$#�(#�,"#* F/ "� B G&� 0!GG)O( ��0�G c ∈ {0, 1}m �,"#X

� |Ac| ≤ r =⇒ |Bc| = |Ac|

|Ac| > r =⇒ |Bc| = r

� |B| ≤ r · 2m

� && ��U,$$# Gr(A,B)

F�$$
A |= ϕ � 0!$$ !Q- 

B |= ϕ
)O( r = �((ϕ)

*
@"-"*�'$( � O!#(Q�%

) ,G# %+N'M&Q+V%&""G#/$0,�*
@"��)�"� 7 [∃∗∀∗, all, (0)]=

RP�($!,GVO- �$T$1�"W

/P
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;�%� � �5==∃x1 . . .∃xm∀y1 . . .∀ynϕ
/
ϕ ;5?237C=2?�ϕ �<2=3C;5=B;57� 57= 1C�>5?? 423� >2== 2<94 57=58 673 ≤ m �?565=35=�

������ O�,
A |= ∃x1 . . . ∃xm∀y1 . . .∀ynϕ � 0*  * �G �,S# a1, . . . , am ∈ A :

A |= ∀y1 . . .∀ynϕ(a1, . . . , am, ȳ)︸ ︷︷ ︸
=:χ

τ
S���,- $� 0,� O,�$!#Q( %&$

A
S�U* ϕ Q$0 τ ∪{a1, . . . , am}

0,� O,�$!#Q( %&$
A, a1, . . . , am

S�U* %&$ χ*F,( �(,$$�($ Q$G� 0!GG Q$,%�(G�""� J&(E�"$ !S��G- "&GG�$ G,$0 Q$#�( OQSVG#(Q1#Q(�$� 0*  *X
B |= χ,C ⊆ B =⇒ C |= χ.O�,

B = A, a1, . . . , am
Q$0

C = B � {a1, . . . , am}
0,� %&$ {a1, . . . , am}

,$0QV
�,�(#� OQSG#(Q1#Q(* M!$$ �,"# &'�$G,- #",- X

|C| ≤ m

Q$0 0!(!QG )&"�#X
C |= ∃x1 . . .∃xm∀y1 . . . ∀ynϕ.

F+�("*'$( �
[∃∗∀∗, all, (0)]=

423 >75 5=>?7945 1C>5??57@5=8942B 3 /�1*��
•
�23

([∃∗∀∗, all, (0)]=)
783 $�0*�A1��)C??83�=>7@�

•
58 B C?@3 $,- #� >288  2?([∃∗∀∗, all, (0)]=)

5=389457>�2; 783�
�8 B C?@3 �C4?� >288  2?([∀∗∃∗, all, (0)]=)

5=389457>�2; 783�
ϕ ¬ϕ �

><2?7875;3� �<2=3C;5=�;��*�

• �(; >75 657835= 2=>5;5= �?2885= 673 �1* 783 >5; �5�578 2<B��=>7@5;�
F,� ��,�# E!$� 0!GG �,$ J(!�E�$# %&$ J� �Q 0�$ Q$�$#G- �,0S!(�$ J/""�$�� �(#$
�Q( P�!$#U&(#Q$� 0�( J(!�� 1�$$�$ 0,� 0(�, ,$ 0�$ )&"��$0�$ 2$#�(!SG- $,#V#�$ %&(��G#�""#�$ Q�# &0�$ 0,�$�$*

/S
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�������  � "��#��
����
�"6$�%�+$ A +,$� DC=85;)237)5 (5><D37C=8D?2885 ,$ J� ,G# �,$ J(!�E�$#
X ⊆

J�� G& 0!GG �,$� #&#!" S�(�- �$S!(� JQ$1#,&$
f :

J�
→ X

�K,G#,�(#� G& 0!GG )O( !""� ψ ∈
J� �,"#X

• ψ  !# �,$ �$0",- �G Q&0�"" ⇐⇒ f(ψ)  !# �,$ �$0",- �G Q&0�""*
• ψ ,G# Q$�()O""S!( ⇐⇒ f(ψ) ,G# Q$�()O""S!(*

."--� 7 �57
X

DC=85;)237)5(5><D37C=8D?2885� �2== 87=> �7=�23(X)� $C=�23(X)<=> A=B �&*(X) �
22;�5785 ;5D<;87) <=3;5==�2;�

J�
X

������

������

������

�SS,"0Q$� 3X ��(!$G- !Q",- Q$� �Q L�EE! J
@"��)�"� . [∀∗, all, all] ,G# 1&$G�(%!#,%� 0�0Q1#,&$G1"!GG�� 0�$$ �Q ����S�V$�E ψ ∈

J� 1!$$ E!$ �'�1#,% 0,� O1&"�EV%&(E!")&(E ψ∗ ∈ [∀∗, all, all]=1&$G#(Q,�(�$* +G �,"# )O( ��0� Q�$�� AX
ψ  !# Q&0�"" E,# 2$,%�(GQE A ⇐⇒ ψ∗  !# Q&0�"" E,# 2$,%�(GQE A

HI
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������� �� �&�
&��� ��� �&���� $�� ��&���������
M�( P�U�,G ,$ N!>,#�" / ",�)�(# J&(E�"$

ψM ∈ [∃∀∗∃∗, (0), (3, 1)]=

Q&0,T1!#,&$ 0,�G�G P�U�,G�G ",�)�(# !$0�(� 1&$G�(%!#,%� 0�0Q1#,&$G1"!GG�$��* P*
[all, (0, ω), 0].

������� �� ���
������	���
2$#�( �,$�E M&E,$&G#�,$ %�(G#� �$ U,( �,$ &(,�$#,�(#�G +,$ �,#G�Q!0(!# E,#��)/(S#�$ N!$#�$* +,$ M&E,$&G,G#�E ,G# �,$ M(,>�"

D = (D,H, V ) E,#X
a

b

c

d

�SS,"0Q$� ?X Q&0�"" �,$�G M&E,$&G#�,$G

• D ,G# �,$� �$0",- � Q�$�� %&$ M&E,$&G#�,$�$
• H, V ⊆ D ×D

M�( &$#Q,#,&$ )&"��$0�$0 0�T$,�(�$ U,(X
H = {(d, d′) ∈ D ×D | (�- #� J!(S� %&$ d =

",$1� J!(S� %&$ d′}
V = {(d, d′) ∈ D ×D | &S�(� J!(S� %&$ d = Q$#�(� J!(S� %&$ d′}

M,� �Q >!(1�##,�(�$0� J"/- � S���,- $�$ U,( E,# S � S�,G>,�"GU�,G� S = Z×Z�
S = N × N &0�( S = {0, . . . , n− 1} × {0, . . . , m− 1}

*
2$#�( �,$�( '!(1�##,�(Q$� %&$ S E,#

D = (D,H, V ) %�(G#� �$ U,( 0!$$ �,$�
�SS,"0Q$�

p : S → D,G& 0!GG )O( !""� (i, j) ∈ S

• 〈p(i, j), p(i+ 1, j)〉 ∈ H � Q$0
H/



� ��� ��������������	����� ���
����������������	�����

• 〈p(i, j), p(i, j + 1)〉 ∈ V
*

�"6$�%�+$ E +,$� '!(1�##,�(Q$� p %&$ S ,G# �5;7C>7894� U�$$ h, v ∈ N\{0}�K,G#,�(�$� G& 0!GG )O( !""� (x, y) ∈ S

p(x+ h, y) = p(x, y + v) = p(x, y).

�+-�$+)*+,�"- )O( S : (S = Z × Z)

C"(!" M&E,$&G,G#�E
D = (D,H, V )F*�("" .,S# �G �,$� '!(1�##,�(Q$� %&$ S E,#

D
$

+&"*" .,S# �G �,$� >�(,&0,G- � '!(1�##,�(Q$� %&$ S E,#
D

$

HH
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� ������������
���
����

%&#!#,&$G%�(�,$S!(Q$�X
vE := {w ∈ V | (v, w) ∈ E}

u ∈ V0 v ∈ V1w ∈ V0

vE ∩W n
σ 6= ∅ vE ⊆W n

σ

∃w ((v, e) ∈ E ∧ w ∈W n
σ ) ∀w ((v, w) ∈ E → w ∈W n

σ )F,( >(/G�$#,�(�$ ,E J&"��$0�$ �,$�$ L,$�!(��,#V�"�&(,# EQG )O( �$0",- �O>,�"�*
�
��&���
���	
��
���#� ��� ���	
��� ��
�	�

• win[v] = σ (σ ∈ {0, 1})� U�$$ )�G#��G#�""# UQ(0�� 0!GG v ∈Wσ

win[v] = ⊥� U�$$ 0,�G $&- $,- # !QG��(�- $�# UQ(0�� &0�( U�$$ w /∈
W0 ∪W1

• P [v] = Ev (�&(�/$��( %&$ v)
• n[v] = |{w ∈ vE | win[w] = ⊥}|

M�( �5;= >58 &?@C;7346<8 S�G#� # !QG 0�( '(&��0Q( �;C�2@235/v �σ�* M,�G�'(&��0Q( U,(0 !Q)��(Q)�$�U�$$ )�G#��G#�""# UQ(0�� 0!GG v ∈Wσ

* '(&>!�!#�Rv �σWG>�,- �(# 0,�G !S Q$0 Q$#�(GQ- #� &S U,( .�U,$$�( )O( �&(�/$��( %&$ v S�VG#,EE�$ 1�$$�$*
• (u, v) ∈ E, u ∈ Vσ =⇒ u ∈Wσ

R�,� � �Q vW
• (u, v) ∈ E, u ∈ V1−σ, win[u] = ⊥ Q$0 n[u] = 0

*
M,�G S�0�Q#�#� 0!GG win[w] = σ

)O( !""� w ∈ uE RG&$G#  /##� 0�( �"�&V(,# EQG $!- 0�( J�G#G#�""Q$�� 0!GG win[w] = 1 − σ !Q- )�G#��G#�""#�0!GG win[u] = 1 − σ
*W

�"G& ,G# win[u] = σ
*

F,( ��,��$ 0,� �C;;5D34573 0�G �"�&(,# EQG* +G �,"# Wσ :=
⋃
nW

n
σ

*
HJ



� ���������������������

• v ∈W n
σ

v ∈ V1−σ, n[v] = 0 =⇒ �"�&(,# EQG G#�""# )�G# RO- (,## HW� 0!GG
win[v] = σ

*
• v ∈W n

σ (n > 0)

R!W v ∈ Vσ
Q$0 ∃w ((v, w) ∈ E ∧ w ∈W n−1

σ )
* %!- &$0Q1#,&$G%&(!QGVG�#�Q$� G#�""# 0�( �"�&(,# EQG )�G#� 0!GG win[v] = σ

* M!S�, (Q)#�( '(&>!�!#��
v �σ� !Q)� 0�$$ v ∈ P [w], v ∈ Vσ

*
�"G& S�(�- $�# �( win[v] = σ

*
RSW v ∈ V1−σ

Q$0 ∀w ((v, w) ∈ E → w ∈W n−1
σ )

*
O�, w0

0�( "�#�#� %!- )&"��( 0�( w ∈ vE � )O( 0�$ 0�( �"�&(,# EQG)�G#��G#�""#  !#� 0!GG win[w] = σ
* M!$!- ,G# n[v] = 0

* M! �( U,(0'(&>!�!#��
v �σ� !Q)��(Q)�$*

%Q$ U�()�$ U,( �,$�$ P",-1 !Q) 0,� �C6�?5*73�3 0�G �"�&(,# EQG*
JO( ��0�G v ∈ V U,(0 '(&>!�!#��

v �σ�  �- G#�$G �,$ Q!" 0Q(- "!Q)�$*
M,� O- "�,)� +∀u ∈ P [v]

- U,(0 0! �(
≤
∑

v

|P [v]| = |E|
Q!"

0Q(- "!Q)�$*
=⇒ L!Q)��,#X O (|V | + |E|)

*

HL
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O�, G = (V,E,Win) �,$ O>,�"� V = V0 ∪ V1

*
M!$$ 0�T$,�(# Win ⊆ V ω �,$� .�U,$$S�0,$�Q$� )O( Q$�$0",- � '!(#,�$*+,$� '!(#,� ,G# �,$� �$0",- � &0�( Q$�$0",- � J&"�� π = v0v1v2 . . . ∈ V ≤ω E,#
(vi, vi+1) ∈ E

*
P�, 5=>?7945= *2;375= %�(",�(# 0�( O>,�"�(� 0�( $,- # E� ( �,� �$ 1!$$� U/ V(�$0 )O( <=5=>?7945 *2;375= �,"#X O>,�"�( I ��U,$$# π ⇐⇒ π ∈ Win�!$0�(�$)!""G ��U,$$# O>,�"�( / R�G �,S# !"G& 1�,$ 2$�$#G- ,�0�$�W*
;%*�%"(�"P�#(!- #�$ U,( $Q$ �3;235@75= )O( �$0",- � O>,�"�* +,$ P�,G>,�" )O( �,$� $,- #V
>&G,#,&$!"� O#(!#��,� ,G# 0!G )&"��$0� O>,�" E,# 0�( .�U,$$S�0,$�Q$� +a, b, cEOGG�$ ��U�,"G Q$�$0",- &)# %&(1&EE�$-* +,$� O#(!#��,� )O( O>,�"�( σ ,G#

a b c

O>* I O>* /O>* /

0!$$
f : V ∗Vσ → V E,# (v, f(x, v)) ∈ E,U&S�, V ∗Vσ 0!G �$)!$�GG#O-1 �,$�( '!(#,� S���,- $�#� U�"- � !$ �,$�( '&G,V#,&$ ,$ Vσ �$0�#* �$ 0,�G�( O#�""� ,G# O>,�"�( σ !E �Q�*

f  �,'# :5�7==83;235@75 )O( O>,�"�( σ %&$ v !QG� U�$$ ��0� ,$ v S��,$$�$0�'!(#,�� U�"- � 1&$G,G#�$# ,G# E,( f � %&$ O>,�"�( σ ��U&$$�$ U,(0*F,( 0�T$,�(�$ 0!$$
Wσ := {v | O>,�"�( σ  !# .�U,$$G#(!#��,� %&$ v !QG}

�'�$G,- #",- �,"#X
W0 ∩W1 = ∅

�"6$�%�+$ �
G = (V,E,Win) ,G# >535;67=75;3� U�$$ V = W0 ∪W1 � 0*  *%&$ ��0�( '&G,#,&$ !QG  !# �,$�( 0�( O>,�"�( �,$� .�U,$$G#(!#��,�*

;�%� � '�"*-"�+) �57 G 57= ��75?� 7= >56 � 5>5 *2;375 5=>?794 783� �2== 783
G >535;67=75;3�

H3



� ���������� ������

������ O�, X := V \ (W0 ∪W1)
* M!$$ EOGG�$ U,( ��,��$� 0!GG X = ∅ ,G#*F,( )&(EQ",�(�$ 0,� )&"��$0�

@"!!"
v ∈ X =⇒ vE ∩ X 6= ∅

* M!(!QG )&"�#� 0!GG G �,$� Q$�$0",- �'!(#,� �Q"/GG#� S"�,S� ,EE�( ,$ X *
O�, !"G& v ∈ X � v ∈ Vσ

*
R!W vE ∩Wσ = ∅ RG&$G# U/(� v ∈Wσ

W
RSW vE * W1−σ

RG&$G# U/(� v ∈W1−σ
W

�"G& �K,G#,�(# �,$ w ∈ vE � w /∈W0 ∪W1 � !"G& vE ∩X 6= ∅
*

@"-"*�'$( 4 ';)�"�" -�% <$"$%� !�"&"$) +G (�,- # !$�Q$� E�$� 0!GG!""� :5�7==�2;375= �$0",- G,$0*
;�%� �H �57

G
57= ��75?� 8C >288 ��75?5; σ 57=5 *2;375 @5�7==3 @5=2< >2==�

�5== 57=5 *C8737C= v ∈ V1−σ

5;;57943 �<;>5 673 vE = ∅ � �2== 783 >28 ��75?>535;67=75;3 76 BC?@5=>5= �7==�
)C= � 5>5; *C8737C= 423 5=3�5>5; 57=5; >5; �57>5= ��75?5; 57=5 :5�7==83;235@75C>5; �57 42�5= 57=5 �3;235@75� <6 57= )=5=389475>5= �< 5;;57945=�
/�57

X = V \ (W0 ∪W1)
�  C= v ∈ X ∩ Vσ

D2== ��75?5; σ 7= X �?57�5=��
�! �&	������&�����
�	�
M�( .!"�VO#�U!(#VO>,�"�$ �Q�(Q$0�",���$0� O>,�"�(!> G = (V,E) ,G# 0�(Q$�$0",- � S,$/(� P!QE*

T
2 = ({0, 1}∗, E), E = {(x, xi) | x ∈ {0, 1}∗, i ∈ {0, 1}}

T
ω = (ω∗, E), E = {(x, xi) | x ∈ ω∗, i ∈ ω}

M,� O>,�"�( �,� �$ !SU�- G�"$0� 0*  *
V0 = {x | |x| ��(!0�}
V1 = {x | |x| Q$��(!0�}

;�%� �� 'C��"9;%"D�*%) �8 @7�3 =7943�>535;67=75;35 ��75?5�

H?



� ���������� ������

������ O�, B = {0, 1} &0�( B = ω
* O�,

T0 = {x ∈ B∗ | |x| ��(!0�}
T1 = {x ∈ B∗ | |x| Q$��(!0�}

O�, 0�GU�,#�(�$
F = {f : T0 → B} O#(!#��,�$ )O( O>,�"�( I
G = {g : T1 → B} O#(!#��,�$ )O( O>,�"�( /

+G �,"# 0!$$X
|F | = |G| = |P(ω)| = 2ω

M!$$ ,G#X
F = {fα | α < 2ω}

G = {gα | α < 2ω}

A>55� Xα, Yα  Y =
⋃
α<2ω Yα

*
N�,$ fα &0�( gα ,G# .�U,$$G#(!#��,� )O( 0!G O>,�" E,# .�U,$$S�0,$�Q$� Y *

HI



� ���������� ������

������� ����
�������
 �
� �������
�
��


+,$� �C4?C;>=<=@ RF�W ,G# �,$� ",$�!(� �(0$Q$� (A,<)�U�"- � 0�E '(,$�,>%&E 1"�,$G#�$ +"�E�$# ��$O�#X
Y�0� $,- #"��(� M�,"E�$�� %&$ A �$# /"# �,$ 1"�,$G#�G +"�E�$#*

+G )&"�#� 0!GG ,$ A 1�,$� Q$�$0",- �$ !SG#�,��$0�$ N�##�$ a1 > a2 > a3 > . . .�K,G#,�(�$ R!$G&$G#�$  /##� {an | n ∈ ω} 1�,$ 1"�,$G#�G +"�E�$#W* 2E��1� (#
1!$$ E!$ ,$ �,$�( Q�$�� S & $� 1"�,$G#�G +"�E�$# E,# �QGU! "!K,&E �,$�Q$�$0",- � !SG#�,��$0� N�##� !QGU/ "�$X

/W F/ "� a1 ∈ S
*

HW M!$$ �$# /"# S1 := {b ∈ S | b < a1}
!Q- 1�,$ 1"�,$G#�G +"�E�$#*F/ "� a2 ∈ S1

*
JW * * *

�(0,$!"�! "�$ R�(0,$!"�W ��S�$ Q$G 0,� Q��",- 1�,#� Q�$��$ S�",�S,��( .(�V
'� +!Q)�Q�/ "�$- Q$0 0!E,# &$0Q1#,&$GS�U�,G� �Q )O (�$ R#(!$GT$,#� &$0Q1V#,&$W*
�SG#(!1# 0�T$,�(# E!$ �(0,$!"� !"G #(!$G,#,%� Q�$��$� 0,� 0Q(- ∈

",$�!(��&(0$�# G,$0*
•
#(!$G,#,%X U�$$ y ∈ x� 0!$$ y ⊆ x R0*  * U�$$ z ∈ y ∈ x� 0!$$ z ∈ xW

&=8942<?7945;�
•
I ,G# �,$ �(0,$!"*

•
)O( ��0� Q�$�� S %&$ �(0,$!"�$ �,S# �G �,$ 1"�,$G#�G �(0,$!" RS��"*<W�U�"- �G �(�'�( ,G# !"G !""� �(0,$!"� ,$ S *

��57 ��??5�
!W S �$# /"# �(�'#�G �(0,$!" α * M!$$ ,G# 0!G $/- G#�(�'�(� �(0,$!" 0�($294B C?@5; α + 1 %&$ α *
SW �$0�($)!""G ,G# 0!G $/- G#�(�'�(� �(0,$!" L,E�GV�(0,$!"*

HP



� ���������� ������

&$ E�$��$# �&(�#,G- �( M!(G#�""Q$�X
• 0 =̂ ∅
• α + 1 =̂ α ∪ {α}M!G L,E�GV�(0,$!" OS�( S ,G# ⋃S

*
• 0 =̂ ∅
• 1 =̂ {∅}
• 2 =̂ {{∅}, ∅}*** ***
JO( �(0,$!"� �,"#X

/W Y�0�G �(0,$!" ,G# 0,� Q�$�� !""�( 1"�,$�(�$ �(0,$!"�*
HW M,� ",$�!(� �(0$Q$� 0�( �(0,$!"� ,G# 0,� +"�E�$#S��,� Q$�

β < α ⇐⇒ β ∈ α

JW (α,<) ,G# �,$� F� R)O( ��0�G �(0,$!" αW
M,� �(G#�$ �(0,$!"� "!Q#�$X

0, 1, 2, 3, . . . , ω, ω + 1, ω + 2, . . . , 2ω, . . . , ω · ω, ω2 + 1, . . . , ωω, . . . , ωω
ω

Rω ,G# 0!G �(G#� L,E�GV�(0,$!"*W +G �,"#X n = {i | i < n}�(0,$!"� G,$0 O#!$0!(0(�>(/G�$#!$#�$ %&$ F�X
•

JO( ��0� F�
(A,<) �K,G#,�(# �,$ �(0,$!" α � G& 0!GG (A,<) ∼= (α,<)︸ ︷︷ ︸

(α,∈)

*

@"��)�"� = '
ω × ω

) �(0$Q$�G#,>�$X
;�%� �4 '�"*-"�+���9;�%�) �5== 62= >28 &<8�24?2*7C6 2==7663�>2== D2== 62= � 5>5 15=@5 A �C4?C;>=5=�
/>� 4� �< � 5>56 A

5*78375;3 <� 8C >288 (A,<) ���
F+�("*'$( 4 �(; � 5>5 15=@5A 5*78375;3 �;>7=2? α� 8C >288 �7;A 2<B��4?5=D�==5=�

A = {aβ | β < α}

HS



� ���������� ������

�(0$Q$�G#,> (ω,<)
�(0$Q$�G#,> (ω2, <)

ω %,�"� N&>,�$ %&$ (ω,<)

M!G 1"�,$G#� �(0,$!"� 0!G U,( )O( P(ω) R&0�( )O( R &0�( )O( 0,� Q�$�� !""�(O#(!#��,�$ %&$ O>,�"�( IW $�$$�$ U,( 2ω
*

F,( U�(0�$ ,E J&"��$0�$ 0,� Q�$�� 0�( O#(!#��,�$ S�,0�( O>,�"�( !Q)�/ "�$X
F = {fα | α < 2ω} O#(!#��,�$ %&$ O>* I
G = {gα | α < 2ω} O#(!#��,�$ %&$ O>* /

�Q) ��0�( O#Q)� α < 2ω U�(0�$ U,( E,# Q�$��$ Xα, Yα
%&$ D?57=5;5; N!(0,V$!",#/# !"G F Q$0 G &>�(,�(�$*

 
P�U�,G E,# #(!$GT$,#�( &$0Q1#,&$*
•

TK,�(� X0 � Y0

• !QG�� �$0 %&$ Xα � Yα 0�T$,�(�$ U,( Xα+1 � Yα+1
R)O( !""� α < 2ωW

•
)O( L,E�GV�(0,$!"� α < 2ω G�#��$ U,(

Xα =
⋃

β<α

Xβ

Yα =
⋃

β<α

Yβ

;�%� �7 �8 @7�3 =7943�>535;67=75;35 ��75?5�

JI



� ���������� ������

������ M�( )&"��$0� P�U�,G S�$Q#�# 0!G �QGU! "!K,&E R�RW* O�, B =
{0, 1} &0�( B = ω

*
T0 = {x ∈ B∗ | |x| ��(!0�}
T1 = {x ∈ B∗ | |x| Q$��(!0�}
F = {f : T0 → B} O#(!#��,�$ %&$ O>,�"�( I
G = {g : T1 → B} O#(!#��,�$ %&$ O>,�"�( /

��"�" +N&$G#(Q1#,&$- �,$�( .�U,$$S�0,$�Q$� Y ⊆ Bω � G& 0!GG 1�,$ f ∈ FQ$0 1�,$ g ∈ G .�U,$$S�0,$�Q$� ,G# )O( 0!G .!"�VO#�U!(#VO>,�" E,#.�U,$$S�0,$�Q$� Y *
• P�#(!- #�

F = {fα | α < 2ω}

G = {gα | α < 2ω}

O�, fˆg ∈ Bω 0,� 0Q(- f Q$0 g �,$0�Q#,� S�G#,EE#� '!(#,�*
N&$G#(Q,�(� Xα, Yα ⊆ Bω E,#
� Xα ∩ Yα = ∅
� |Xα|, |Yα| < 2ω

� ∀β < α �K,G#,�(# �,$ f ∈ F : fˆgβ /∈ Xα

� ∀β < α �K,G#,�(# �,$ g ∈ G : fβˆg /∈ Yα

• X0 = Y0 = ∅

•
)O( L,E�GV�(0,$!"� λ G�,

Xλ =
⋃

β<λ

Xβ, Yλ =
⋃

β < λYβ

• �Q fα+1
�K,G#,�(# �,$ g ∈ G E,# fα+1ˆg /∈ Xα ∪ Yα

*
F/ "� G&"- �G g Q$0 G�#��

Xα+1 := Xα ∪ {fα+1ˆg}

�Q gα+1
�K,G#,�(# �,$ f ∈ F E,# fˆgα+1 /∈ Xα+1 ∪ Yα

*
F/ "� G&"- �G f Q$0 G�#��

Yα+1 := Yα ∪ {fˆgα+1}

J/



� ���������� ������

• O�, $Q$ Win := Y :=
⋃
α<2ω Yα

*
�$��$&EE�$� f G�, .�U,$$G#(!#��,� )O( O>,�"�( I* +G �,S# 0!$$ �,$ α E,#
f = fα

* +G �,S# !S�( �,$ g E,# fαˆg ∈ Xα � !"G& fαˆg /∈ Y
* M,� '!(#,� fαˆgU,(0 %&$ O>,�"�( / ��U&$$�$* F,0�(G>(Q- *

�$��$&EE�$� g G�, .�U,$$G#(!#��,� )O( O>,�"�( /* +G �,S# 0!$$ �,$ α E,#
g = gα

* +G �K,G#,�(# !S�( �,$ f E,# fˆgα ∈ Yα � 0*  * O>,�"�( I ��U,$$# 0,�'!(#,� fˆgα * F,0�(G>(Q- *
F,( )O (�$ ,E J&"��$0�$ �,$�$ �U�,#�$ P�U�,G %,! 2"#(!T"#�($* M!�Q S�V#(!- #�$ U,( ,$ �,$�E +K1Q(G �Q$/- G# �7?35; <=> )?3;2� ?35;*
���#��� �
	��� #�� %	��&�	���
O�, I �,$� $,- #"��(� Q�$��* +,$� $,- #"��(� Q�$�� F ⊆ P(I)  �,'# �7?35;�U�$$ �,"#

• ∅ ∈ F

• x ∈ F, y ∈ F =⇒ x ∩ y ∈ F

• x ∈ F, y ⊇ x =⇒ y ∈ F

�$%'�%�+$" M,� Q�$��$ ,$ F G,$0 ,$ ,(��$0�,$�( J&(E +�(&'-*
@"��)�"� A {x ⊆ ω : ω \ x �$0",- *} ,G# �,$ J,"#�(� ��$!$$# �;�9453��7?35;*
+,$ )?3;2� ?35; OS�( I ,G# �,$ J,"#�( U � 0�( �QG/#�",- )&"��$0� P�0,$�Q$��()O""#X

•
)O( !""� x ⊆ I �,"#X x ∈ U &0�( I \ x ∈ U

@"��)�"� E J,K,�(� n0 ∈ ω
*
U = {a | n0 ∈ a}.

M�( J(�- �#VJ,"#�( ,G# 1�,$ 2"#(!T"#�(� !S�(X
;�%� �. �5; �;�9453��7?35; D2== �< 57=56 )?3;2� ?35; 5;�5735;3 �5;>5=�
/�758 �5=<3�3 >28 �5662 )C= �C;=� C>5; >5= �C6�2D345738823�� <=> @7?3 B(;
� 5>58 15=@5=8�8356 F � 8C >288 a1∩ . . .∩am 6= ∅

B(; 2??5m ∈ N� a1, . . . , am ∈
F ��

JH



� ���������� ������

������ O�, F J(�- �#VJ,"#�(� �QGG!��$%!(,!S"�$ Xa

)O( a ∈ P(ω)
* O�, Φ =

ΦU ∪ ΦF
E,#

ΦU :={Xa ∧Xb → Xa∩b | a, b ∈ ω}

∪{Xa → Xb | a ∈ P, b ⊇ a}

∪{Xa ↔ ¬Xa | a ∈ P, a = ω \ a}

ΦF :={Xc | c ∈ F}

Y�0�G Q&0�""
I |= Φ

",�)�(# �,$�$ 2"#(!T"#�( U OS�( F � $/E",- 
U = {a | I |= Xa}.

�� ��� Φ �()O""S!(*
O�, Φ0 ⊆ Φ �$0",- *
�� ��� Φ0

�()O""S!(*
O�#�� F0 := {c ∈ F | Xc ∈ Φ0 ∩ ΦF}

�$0",- *
• F0 = ∅

* O�#��
I(Xa) =

{
1 0 ∈ a
0 G&$G#

• G&$G# F0 = {a1, . . . , am}
* +G �,S# n0 ∈ a1 ∩ . . . ∩ am

* O�#��
I(Xa) =

{
1 n0 ∈ a
0 G&$G# , I |= Φ0.

+G �,S# 2"#(!T"#�( U ⊆ P(ω)� U�"- �( 0�$ J(�- �#VJ,"#�( �(U�,#�(#� 0*  *
• ∅ /∈ U

• x ∈ U, y ⊇ x =⇒ y ∈ U

• x, y ∈ U =⇒ x ∩ y ∈ U

• x ∈ U ⇐⇒ x /∈ U

• x -&V�$0",- =⇒ x ∈ U

JJ



� ���������� ������

N&$G#(Q1#,&$ �,$�G $,- #V0�#�(E,$,G#,G- �$ O>,�" ,$
Tω

* �$�Q��S�$ ,G# 0,�.�U,$$S�0,$�Q$� WinU ⊆ ωω
* O>,�"�( I Q$0 O>,�"�( / U/ "�$ !SU�- G�"$0$!#O(",- � �! "�$ x0, x1, x2, . . .
*

• F�$$ �,$ O>,�"�( �,$ xi ≤ xi+1
U/ "#� 0!$$ %�(",�(# �(*

• F�$$ 0,� O>,�"�( ,EE�( +!Q)G#�,��$0- G>,�"�$ R!"G& x0 < x1 < x2 < . . .︸ ︷︷ ︸
x

W�
0!$$ ��U,$$# O>,�"�( I �0U*

[0, x0] ∪
⋃

i∈ω

( x2i+1, x2i+2]

︸ ︷︷ ︸
A(x)

∈ U

. . .x0 x1 x2 x3 x4 x5 x6

WinU
,G# !"G& {x = x0x1x2 . . . ∈ ωω | (x G#�,�# E&$&#&$ Q$0 A(x) ∈ U) &0�( (min{j |

xj+1 < xj}
,G# ��(!0�*)} *

;�%� �= �28 ��75? (�5;
Tω 673 :5�7==�5>7=@<=@WinU

783 =7943�>535;67=75;3�
������ �$$! E�� O>,�"�( I  !# .�U,$$G#(!#��,� f *M!$$ %�(U�$0�# O>,�"�( / )&"��$0� .�U,$$G#(!#��,�X

• !Q) x0 = f(ε) !$#U&(#�# O>,�"�( / E,# S�",�S,��E x1 < x0

*
• QE �$#U&(# !Q) x2i

Ri > 0W �Q T$0�$� S�#(!- #�# O>,�"�( / �,$� N&>,�0�G O>,�"G� ,$ 0�( O>,�"�( I ,EE�( $&- E,# f G>,�"#� Q$0 O>,�"�( /
��0� 0�( �$#U&(#�$ %&$ O>,�"�( I  ,$V Q$0  �(1&>,�(#* O>,�"�( / "/GG#O>,�"�( I ����$ G,- G�"SG# G>,�"�$*

+G �$#G#� # !"G& �,$� '!(#,� x = x0x1x2x3 . . .
E,#

x2i+1 = f(x0x1 . . . x2i+1),
!"G& !Q- 

x2i+1 = f(x0
↑
x2 . . . x2i).

&$ 0�( N&>,� �$#G#� # '!(#,� x′ = x0x2x3x4x5 . . .
*

JL



� ���������� ������

. . .

. . .

x0

x0

x1

x2

x2

x3

x3

x4

x4

x5

x5

x6

0

0

1

1 f

f

@"� !%""
P�,0� '!(#,�$ x G,$0 x′ G,$0 1&$G,G#�$# E,# f * x Q$0 x′ G,$0 G#(�$� E&$&#&$*
M! f .�U,$$G#(!#��,� %&$ O>,�"�( I ,G#� �,"#X

A(x) ∈ U,A(x′) ∈ U.

2�5;
A(x) = [0, x0] ∪

⋃

i<ω

( x2i+1, x2i+2]

A(x′) = [0, x0] ∪
⋃

i<ω

( x2i+2, x2i+3]

=⇒ A(x) ∩ A(x′) = [0, x0] ∈ U
*

=⇒ ω \ [0, x0] /∈ U
*

2$E��",- � 0! U ⊇ F R!""� -&V�$0",- �$ Q�$��$ G,$0 ,$ U �W
���+" �$$! E�� 0!GG f .�U,$$G#(!#��,� %&$ O>,�"�( I ,G#� )O (# !Q) F,V0�(G>(Q- * JO( O>,�"�( / !$!"&�*

J3



� ��	���������

� �������
����

M!G �,�" 0,�G�G �SG- $,##G ,G# �G�  ,$(�,- �$0� P�0,$�Q$��$ )O( 0,� M�#�(E,V$,�(# �,# %&$ O>,�"�$ %,! M&>&"&�,� �Q )&(EQ",�(�$*+,$� �C�C?C@75 !Q) �,$�( Q�$�� S ,G# 0!0Q(- 0�T$,�(#� 0!GG E!$ )�G#"��#�U�"- � M�,"E�$��$ %&$ S C� 5= G,$0* +G EQGG ��"#�$X
• ∅ � S &'�$
• X � Y &'�$ =⇒ X ∩ Y &'�$
• O�, {Xi | i ∈ I} �,$� J!E,",� %&$ &'�$�$ Q�$��$*

M!$$ ,G# ⋃
i∈I Xi

&'�$*
M,� !Q)��)O (#�$ +,��$G- !)#�$ ��,��$ 0�$ �SG- "QGG &'�$�( Q�$��$ Q$#�(�$0",- �( MQ(- G- $,##GS,"0Q$� Q$0 S�",�S,��( ��(�,$,�Q$�*
Q!$ 1!$$ �,$� M&>&"&�,� 0Q(- �$�!S� �,$�( �2878 B 0�T$,�(�$* M!S�, !$0�"# �G G,- QE �,$� N&""�1#,&$ %&$ &'�$�$ Q�$��$� G& 0!GG ��0� &'�$�
Q�$�� !"G ��(�,$,�Q$� %&$ Q�$��$ !QG B ��G- (,�S�$ U�(0�$ 1!$$*P!G,G 0�( OS",- �$ M&>&"&�,� !Q) RX

&'�$� &$#�(%!""� (a, b) ⊆ R

�+)+�+(�" �'�
B
ω '$� ! :�$%+*)

JO( B = {0, 1} U,(0 Bω R!$#&(V0!QE ��$!$$#� )O( B = ω  �,'# Bω P!((�V0!QE*
�2878� O(z) = z ·Bω

)O( z ∈ B∗

z

X ⊆ Bω ,G# 0!$$ &'�$� U�$$ X = W · Bω
)O( W ⊆ B∗ ,G#*

X ⊆ Bω ,G# 2�@5894?C885=� U�$$ X := Bω \X &'�$ ,G#*
J?



� ��	���������

@"��)�"� �
• O(z) = z ·Bω G,$0 &'�$V!S��G- "&GG�$ R�$�"* P���,- $Q$�X9?C�5=W*

O(z) = Wz · Bω � �* P* E,# Wz = {y | y} � z ∧ z 6� y} Ru � v : ⇐⇒
u ,G# '(/TK %&$ vW*

• 0∗1︸︷︷︸
W

{0, 1}ω ,G# &'�$� !S�( $,- # !S��G- "&GG�$* M!G N&E>"�E�$# 0,�G�(
Q�$�� ,G# {0ω} � 0,�G� ,G# $,- # &'�$*

•

Ld = {x ∈ ωω | x �$# /"# Q$�$0",- %,�"� d}
=

⋂
n∈ω (ω∗d)n · ωω︸ ︷︷ ︸&'�$

,G# !S�/ "S!(�(MQ(- V
G- $,## &'�$�( Q�$��$ Q$0 0!E,# G�"SG# U,�0�( �,$� &'�$� Q�$��*

P�G- (�,SQ$� !S��G- "&GG�$�( Q�$��$X+,$ P!QE T ⊆ B∗ ,G# �,$� Q$#�( '(/TK !S��G- "&GG�$� Q�$�� %&$ �$0",- �$F�(#�($� 0*  * )O( z ∈ T, y � z =⇒ y ∈ T
*

JO( �,$�$ P!QE T ,G# [T ]
0,� Q�$�� 0�( Q$�$0",- �$ ')!0� 0Q(- T *

�529435�
T ⊆ B∗

[T ] ⊆ Bω

@"��)�"� �

T = 0∗ = {0n | n ∈ ω}

[T ] = {0ω}

."--� . X ⊆ Bω 783 2�@5894?C885= ⇐⇒
58 @7�3 57=5= �2<6 T ⊆ B∗ 673

X = [T ] �
������ +⇐- O�, X !S��G- "&GG�$� 0*  * X = W · Bω

)O( �,$ W ⊆ B∗
* O�,

T = {w ∈ B∗ | ∀z(z � w =⇒ z ∈W}

� T !S��G- "&GG�$ Q$#�( '(/TK
� [T ] = X

+⇒- O�, X = [T ]
* JO( ��0�G x /∈ [T ] �K,G#,�(# �,$ 1"�,$G#�G '(/TK wx � x E,#

wx /∈ T R+S�, wx %�("/GG# x 0�$ P!QE T
-W*

O�#�� W := {wx | x /∈ X}
* M!$$ ,G# X = W · B∗ &'�$*

JI
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+,$ O>,�" G = (V, V0, V1, E, A) ,G# &'�$� !S��G- "&GG�$� * * * � U�$$ 0,� .�U,$$VS�0,$�Q$� A ⊆ V ω �G ,G#*
�7=B 294835; �2??��'�$V!S��G- "&GG�$� O>,�"� R,EF�G�$#",- �$X �$0",- � O>,�V"�W
."--� = �5== A ⊆ Bω

C� 5=�2�@5894?C885=� >2== 5*78375;3 �< � 5>56 x ∈
Bω 57= 5=>?79458 *;��* wx � x 673

• x ∈ A =⇒ wx · Bω ⊆ A

• x /∈ A =⇒ wx · Bω ⊆ A
/�75 �<@54�;7@D573 )C= x �< A 4�=@3 =<; )C= 57=56 5=>?7945= *;��* 2���
������ O�, A = W · Bω, A = W ′ · Bω

*+,$ &'�$V!S��G- "&GG�$�G O>,�" G = (V, V0, V1, E, A) ,G# /�Q,%!"�$# �Q �,$�E�$0",- �$ O>,�"� 0�$$ G&S!"0 E!$ �,$ '(/TK w ��G>,�"#  !# E,# w · Bω ⊆ A&0�( w · Bω ⊆ A ,G# 0,� '!(#,� �$#G- ,�0�$*
5+*+���* � �� 5=�2�@5894?C885=5 ��75?5 87=> >535;67=75;3�
;�%� �A �5>58 2�@5894?C885=5 /<=> >2673 2<94 � 5>58 C� 5=5� ��75? 783 >535;�67=75;3�
������ O�, G �,$ !S��G- "&GG�$�G O>,�"� v0

�$)!$�G>&G,#,&$* M!$$ �,"# �G
�*�*X

O>,�"�( /  !# 1�,$� .�U,$$G#(!#��,� %&$ v0
!QG =⇒ O>,�"�( I  !#�,$�*

JO( 0�$ U�,#�(�$ P�U�,G S�$�#,��$ U,( $&- )&"��$0�$ 1Q(�� M�T$,#,&$*
�"6$�%�+$ �

v0 . . . vn
,G# @<3�U�$$ O>,�"�( / 1�,$� O#(!#��,�  !#� QE v0 . . . vn�Q �,$�( .�U,$$>!(#,� �Q %�("/$��($*

F,( $� E�$ $Q$ !$� v0
G�, �Q#*O>,�"�( I  !# �,$� O#(!#��,� f � QE ��0�G @<35 '(/TK v0 . . . vn

�Q �,$�E �Q#�$'(/TK v0 . . . vnvn+1
�Q %�("/$��($*O>,�"�( I G>,�"# E,# f Q$0 x �,$� Q$�$0",- � '!(#,�� U�"- � 1&$G,G#�$# E,# f,G#* x ,G# .�U,$$>!(#,� %&$ O>,�"�( I R0*  * f ,G# .�U,$$G#(!#��,� )O( O>,�"�(IW*�C=83� x ∈ A = W · Bω

)O( A ⊆ V ω .�U,$$E�$�� %&$ O>,�"�( / RA &'�$W�0! A R.�U,$$E�$�� %&$ O>,�"�( IW !S��G- "&GG�$� A = W · Bω(W ⊆ B∗)�K,G#,�(# '(/TK wx � x E,# wx ∈ W Q$0 0! �( wx =7943 @<3* M,�G G#� #
��0&- ,E F,0�(G>(Q- �Q( ��E!- #�$ �$$! E�*

JP



� ��	���������

O�, T = (S,O) �,$ #&>&"&�,G- �( 0!QE� 0*  * �,$� Q�$�� S E,# �,$�( N&"V"�1#,&$ O %&$ &'�$�$ M�,"E�$��$* M!$$ ,G# 0,� N"!GG� 0�( �C;5?�15=@5= 0,�
1"�,$G#� N"!GG� B ⊆ 2S E,#

• O ⊆ B

• X ∈ B =⇒ S −X = X ∈ B

• (Xn)n∈ω ⊆ B =⇒
⋃
n∈ωXn ∈ B

P&(�"E�$��$ S,"0�$ �,$� $!#O(",- � #,�(!(- ,� %&$ Q�$��$ Σ0
α,Π

0
α

)O( 1 ≤
α ≤ ω1

E,#
• Σ0

1 = {X | X &'�$}
• Π0

α = {X | X ∈ Σ0
α}

•
)O( α > 1 X
Σ0
α = {

⋃
n∈ωXn | Xn ∈ Π0

β

)O( β < α}

M,� �(G#�$ O#Q)�$ 0,�G�( #,�(!(- ,� G,$0X
�7@5=8942B 35= $C3237C= )C= �2<88>C;B

Σ0
1

&'�$� Q�$��$ (G)

Π0
1

!S��G- "&GG�$� Q�$��$ (F )

Σ0
2

!S�/ "S!(� ��(�,$,�Q$� %&$ !S��VG- "&GG�$�$ Q�$��$ (Fσ)

Π0
2

!S�/ "S!(�( MQ(- G- $,## &'�$�(
Q�$��$ (Gδ)

Σ0
2

!S�/ "S!(� ��(�,$,�Q$� %&$ Π0
2
VQ�$��$ (Gδσ)

Π0
3

!S�/ "S!(�( MQ(- G- $,## %&$ Σ0
2
VQ�$��$ (Fσδ)

@"��)�"� �H

Ld = {x ∈ Bω | x �$# /"# Q$�$0",- %,�"� d}
=

⋂

n∈ω

(B∗d)n · Bω

︸ ︷︷ ︸&'�$ ∈ Π0
2

JS
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O>,�"� G = (V, V0, V1, E,Ω) E,# JQ$1#,&$ Ω : V → B RB �$0",- W Q$0.�U,$$S�0,$�Q$��$ )O( '!(#,�$ π = v0v1v2 . . . ∈ V ω S��,� �$ G,- !Q)
Ω(v0Ω(v1) . . . ∈ Bω

*
@� !�9@"&�$('$(! .���S�$ G�, F ⊆ B

*
L = {x ∈ Bω | x �$# /"# Q$�$0",- %,�"� �&(1&EE�$ �,$�G d ∈ F}

=
⋂

b∈ω

(B∗ · F )n · Bω ∈ Π0
2

8'��"*9@"&�$('$(! .���S�$ G�, F ⊆ 2B
*

L = {x ∈ Bω | {d ∈ B | d �(G- �,$# Q$�$0"* &)# ,$ x}︸ ︷︷ ︸���
(x)

∈ F}

=
⋃

X∈F

(
⋂

d∈X

Ld

︸ ︷︷ ︸
Π0

2

∩
⋂

d/∈X

Ld

︸ ︷︷ ︸
Σ0

2

)

,G# 5=>?7945 P&&"�G- � N&ES,$!#,&$ %&$ Π0
2
VQ�$��$ R,$ Σ0

3
W

B�*�%	%�,"&�$('$(! .���S�$ G�, B = {0, . . . , m− 1}
*

L = {x ∈ Bω |
0!G 1"�,$G#� d ∈ &$)(x) ,G# ��(!0�}

=
⋂

d �
���
����
d < m

(
Ld ∪

⋃

c<d

Lc

)

,G# �$0",- � P&&"�G- � N&ES,$!#,&$ %&$ Π0
2
VQ�$��$*

&$ 0�( '(!K,G U�(0�$ .�U,$$S�0,$�Q$��$ &)# 0Q(- "&�,G- � J&(E�"$ G>��,VT�,�(#X
• LML R",$�!( #�E>&(!" "&�,-W
•

J� &0�( QO� OS�( Q$�$0",- �$ ')!0�$

LI
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@"��)�"� �� M,� '!(,#/#GS�0,$�Q$� "/'# G,- %,! J� U,� )&"�# )&(EQ",�(�$X
ψ :=

∧

d �
���
����
d < m

(∃y∀z( y < z → Pdz) ∨

∨

c<d

∀y∃z( y < z ∧ Pcz))

+,$ F&(# x ∈ {0, . . . , m−1}ω ,G# S�G- (,�S�$ 0Q(- �,$� O#(Q1#Q(
Ax = (ω,<

, (Pi)i<m) E,#
Pi = {y | xj = i}

(x = x0x1x2 . . . ∈ Bω)

M!$$ �,"#
Ax |= ψ ⇐⇒ x �()O""# '!(,#/#GS�0,$�Q$�*

+G �,"# R& $� P�U�,GWX
•

J� Q$0 LML 0�T$,�(�$ 0,�G�"S�$ ωVO>(!- �$ R.�U,$$S�0,$�Q$��$W
•

QO� 0�T$,�(# 0,� ωV(��Q"/(�$ O>(!- �$
• ωV(��Q"/(� O>(!- �$ U�(0�$ %&$ 1<??5;�&<3C6235= �(1!$$#� Q$0 0! �(
• ωV(��Q"/(� O>(!- �$ G,$0 P&&"�G- � N&ES,$!#,&$�$ %&$ Π0

2
VQ�$��$*

;�%� �E '8�*%�$ ��E=) &??5 �C;5?���75?5 87=> >535;67=75;3�

L/
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� �������
��� ����

���������


O�, G = (V, V0, V1, E,Win) �,$ O>,�"*M!$$ "/'# G,- �,$� O#(!#��,� )O( O>,�"�(
σ
0!(G#�""�$ 0Q(- 

f : V ∗Vσ → VE,# f(zv) ∈ vE
*

�"6$�%�+$ �H ')+��%�+$��" C"D�$$�%*�%"(�"$) f ,G# �C8737C=2?� U�$$ f$Q( %&$ 0�( !1#Q�""�$ '&G,#,&$� $,- # %&$ 0�( .�G- ,- #� !S /$�#� 0*  *
f(zv) = f(z′v)∀z, z′ ∈ V ∗, v ∈ Vσ'&G,#,&$!"� O#(!#��,�$ 1�$$�$ 0Q(- JQ$1#,&$�$
F : Vσ → V E,# F (v) ∈ vES�G- (,�S�$ U�(0�$*

�"6$�%�+$ �� ';%*�%"(�" -�% "$&�� !"- ;)"� !"*) +,$� �3;235@75 6735=>?79456 ��57945; M RT$,#�VE�E&(, G#(!#��,W ,G# S�G- (,�S�$ 0Q(- �U�,
JQ$1#,&$�$

U : M × V →M RQ>0!#� E�E&(,W
F : Vσ ×M → V R$�K# E!(1W

E,# F (v,m) ∈ vE
*

�$)!$�G�QG#!$0m0 ∈M � $!- O��E�$# v0 . . . vn
U,(0 O>�,- �(�QG#!$0 u(v0 . . . vn) ∈

M !$��$&EE�$� U&S�,
u(v0 . . . vn+1) = U(u(v0 . . . vn), vn+1),Q$0 )!""G vn ∈ Vσ

,G# 0�( $/- G#� �Q�
vn 7→ F (vn, u(v0 . . . vn)).O#(!#��,�$� 0,� E,# �,$�E �$0",- �$ O>�,- �( !QG1&EE�$� G,$0 0Q(- �$0",- ��Q#&E!#�$ ,E>"�E�$#,�(S!(*

@"-"*�'$( 7 F�$$ M = {m0} � 0!$$  !$0�"# �G G,- QE �,$� >&G,#,&$!"�.�U,$$G#(!#��,�*
@"-"*�'$( . +G �,S# �,$)!- � QQ""�(VO>,�"�� U�"- � 1�,$� >&G,#,&$!"� .�VU,$$G#(!#��,� �Q"!GG�$� �* P* F = {{1, 2, 3}}� 0*  * !""� '&G,#,&$�$ EOGG�$Q$�$0",- &)# ��G� �$ U�(0�$*

LH
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G :

1 2 3

�! ����#�#�
 $�� �&�
������
�	��

•
QQ""�(VO>,�"� "!GG�$ G,- 0Q(- '!(,#/#GG>,�"� G,EQ",�(�$ R�()&(0�(# �,$�
��(�(�'�(Q$� 0�G O>,�"�(!> �$W*

• '!(,#/#GG>,�"� G,$0 >&G,#,&$!" 0�#�(E,$,�(#*
• '!(,#/#GG>,�"� G,$0 0,� Q&0�"VR �-1,$�VO>,�"� %&$ J,K>Q$1#"&�,1�$*

;�%� �� �57
G = (V, V0, V1, E,Ω) 673 Ω : V → {0, . . . , m − 1}

57= *2;7�3�388�75?� �2== 783 G �C8737C=2? >535;67=75;3� >� 4�W0 ∪W1 = V � <=> � 5>5;��75?5; 423 57=5 �C8737C=2?5 :5�7==83;235@75 2<B 857=5; :5�7==;5@7C=�
@"-"*�'$( = +G �,S# E� (�(� P�U�,G� )O( O!#� /P* F,( )O (�$ ,E J&"��$V0�$ "�0,�",- 0�$ P�U�,G )O( 5=>?7945 ��75?@;2�45=*
������ �Q$/- G# S�$�#,��$ U,( 0,� )&"��$0� 1Q(�� M�T$,#,&$*
�"6$�%�+$ �4

v ∈ V  �,'# ?5�5=>7@� U�$$ vE 6= ∅
*

M!G )&"��$0� L�EE! ��,�#� U,� E!$ E� (�(� >&G,#,&$!"� O#(!#��,�$ �Q �,$�(�,$�,��$ 1&ES,$,�(�$ 1!$$*
."--� A ��75?5; σ 42�5 �C8737C=2?5 :5�7==83;235@75= f1

2<B X1
<=> f2

2<B
X2
� �2== 783

f : v 7→





f1(v) v ∈ X1

f2(v) v ∈ X2 \X157=5 �C8737C=2?5 :5�7==83;235@75 2<B X1 ∪X2
�

F,( )O (�$ �,$� &$0Q1#,&$ OS�( 0,� �$�! " "�S�$0,��( '&G,#,&$�$*
•

M,� P� !Q>#Q$� ,G# #(,%,!"�(U�,G� U! (� U�$$ $Q( �,$� "�S�$0,�� '&G,V#,&$ �K,G#,�(#*
• O�, v "�S�$0,�� σ ∈ {0, 1} X G[v, σ]

LJ



� ����������� ��������	�������

v U,(0 �Q #&#�( '&G,#,&$ ��E!- #� !$ U�"- �( O>,�"�( σ ��VU&$$�$  !#� 0*  * ,$ G[v, σ] ,G# vE = ∅ Q$0 v ∈ V1−σ

*
•

%!- &$0Q1#,&$G%&(!QGG�#�Q$� �,"# O!#� )O( G[v, σ]� G&U,� 0,� .�U,$$V(��,&$�$ W0[v, σ]� W1[v, σ] %&$ O>,�"�( I Q$0 O>,�"�( /*
� W0[v, 1] ⊆W0,W1[v, 0] ⊆W1

� f ,G# >&G,#,&$!"� .�U,$$G#(!#��,� )O( O>,�"�( σ %&$ u ,$ G[v, 1−σ]

=⇒ f ,G# >&G,#,&$!"� .�U,$$G#(!#��,� )O( O>,�"�( σ %&$ u ,$ G Q$0
��0� '!(#,� ��E/' f %�(E�,0�# v

�� ��� )O( ��0�G "�S�$0,�� v  !# O>,�"�( I &0�( O>,�"�( / �,$� >&G,#,&$!"�.�U,$$G#(!#��,� )O( G %&$ v !QG*
• W0[v, 1] ⊆W0,W1[v, 0] ⊆W1

• O�, f >&G,#,&$!"� .�U,$$G#(!#��,� )O( O>,�"�( σ � ��U,$$# %&$ u ,$G[v, 1−
σ]
*
f ,G# !Q- .�U,$$G#(!#��,� )O( O>,�"�( σ %&$ u ,$ G !QG� Q$0 %�(VE�,0�# v *

• O�, Aσ =
⋃
v
��������Wσ[v, 1 − σ] G#!(1� .�U,$$>&G,#,&$ %&$ O>,�"�( σ

P�#(!- #� u ∈ V \ (A0 ∪ A1)
RG- U!- � '&G,#,&$�$W*

@"!!" +,$�( 0�( S�,0�$ O>,�"�( ��U,$$# E,# >&G,#,&$!"�( O#(!#��,� %&$2??5= G- U!- �$ '&G,#,&$�$ !QG*
O�, u /∈ A1−σ � v "�S�$0,�X

• u ∈Wσ(v, σ)

• O>,�"�( σ  !# >&G,#,&$!"� O#(!#��,� fv �E,# 0�( �( ,$G �$#U�0�( ��U�$$#�&0�( v �((�,- #*
R!W �G �,S# "�S�$0,�� '&G,#,&$�$ v ∈ Aσ

@"!!" O>,�"�( σ ��U,$$# %&$ ��0�( G- U!- �$ '&G,#,&$ u *

LL



� ����������� ��������	�������

O�, f >&G,#,&$!"� .�U,$$G#(!#��,� %&$ O>,�"�( σ %&$ v !QG* N&ES,$,�(�
f E,# fv �Q f ∗ X

f ∗(x) =





f(x) f ��U,$$# %&$ v
fv(x)

G&$G#
f ∗ ��U,$$# %&$ u !QG*

RSW !""� "�S�$0,��$ '&G,#,&$�$ G,$0 G- U!- *
@"!!" F�$$ min Ω(V ) ��(!0�� 0!$$ ��U,$$# O>,�"�( I %&$ !""�$ G- U!V- �$ '&G,#,&$�$� G&$G# ��U,$$# O>,�"�( / %&$ !""�$ G- U!- �$'&G,#,&$�$*
JO( ��0�G "�S�$0,�� y  !# O>,�"�( σ �,$� >&G,#,&$!"� O#(!#��,� fy E,#0�( O>,�"�( σ %&$ ��0�( "�S�$0,��$ '&G,#,&$ ��U,$$# &0�( y �((�,- #*
F/ "� v E,# Ω(v) E,$,E!"*

σ =





0 U�$$ Ω(v) ��(!0�
1 G&$G#

w 6= v � w "�S�$0,�*

f(x) :=





fw(x) x = v

fv(x) x 6= v

�� ��� f ,G# .�U,$$G#(!#��,� )O( O>,�"�( σ %&$ !""�$ "�S�$0,��$ '&G,#,&V$�$*O�, π '!(#,� ��E/' f *
R,W π #(,'# v $Q( �$0",- &)#*

=⇒ π = z · π′ � π′ #(,'# v $,- # E� (*
π′ ,G# '!(#,�� 0,� 1&$G,G#�$# ,G# E,# fv Q$0 U,(0 0! �( %&$ O>,�"�(
σ ��U&$$�$* �"G& !Q- π *R,,W π #(,'# v Q$�$0",- &)#*
M! Ω(v) E,$,E!" ,G#� ��U,$$# O>,�"�( σ *

L3
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'&G,#,&$!"� O#(!#��,� f : Vσ → V
)O( O>,�"�( σ ,$ G = (V, V0, V1, E,Ω) 1!$$0Q(- 2$#�(G>,�" R2.W (W,F ) ⊆ (V,E)

S�G- (,�S�$ U�(0�$� E,#

vF =





{f(v)}

)O( v ∈W ∩ Vσ

vE
)O( v ∈W ∩ V1−σ

(W,F )
S�G- (�,S# :5�7==83;235@75 )O( O>,�"�( σ !Q) W � U�$$ � 5>5; ')!0,$ (W,F ) �,$� .�U,$$>!(#,� )O( O>,�"�( σ ,G#* JO( �$0",- � O>,�"�(!> �$S�0�Q#�# 0,�GX !Q) ��0�E �,1"QG ,$ (W,F ) ,G# 0,� 1"�,$G#� '(,&(,#/# ��(!0�RU�$$ σ = 0W S�U* Q$��(!0� RU�$$ σ = 1W* M,�G 1!$$ E!$ ,$ >&",$&E,�""�(

��,# )�G#G#�""�$*
;�%� �� �57

G = (V, V0, V1, E,Ω)
57= 5=>?79458 *2;73�388�75?� (W,F ) ⊆ (V,E))=35;@;2�4�12= D2== 7= �C?�=C675??5; �573 5=389457>5=� C� (W,F )

57=5 :5�
�7==83;235@75 B(; ��75?5; σ 2<B W �5894;57�3�
������ Q!$ EQGG >(O)�$X

/W |vF | = 1
)O( v ∈W ∩ VσHW vF = vE
)O( v ∈ W ∩ V1−σJW O�, H≥d 0,� +,$G- (/$1Q$� %&$ (W,F ) !Q) {v ∈W | Ω(v) ≥ d}

*
Q!$ >(O)# )O( d = 1, 3, 5, . . .� &S H≥d

�,$�$ �,1"QG E,# �,$�E N$&#�$�$# /"#� G& 0!GG Ω(v) = d
*

;�%� 4H �28 *;C�?56
����� *2;73�388�75? G � *C8737C= v � σ ∈ {0, 1}
������ v ∈Wσ �783 7= NP ∩ 	C�NP �

������ M! v ∈ Wσ ⇐⇒ v /∈ W1−σ
(�,- # �G �Q ��,��$� 0!GG 0!G '(&S"�E,$ NP ,G#*

0!#� (W,F ) ⊆ (V,E) E,# v ∈ W
* '(O)�� 0!GG (W,F ) �,$� .�U,$$G#(!#��,�%&$ O>,�"�( σ !Q) W S�G- (�,S#*

+G �,"# G&�!( 0!G )&"��$0� G#/(1�(� 0�GQ"#!#*
;�%� 4� �28 *;C�?56 783 7= UP ∩ Co− UP �
+G  /"# G,- ��0&- 0,� ��(EQ#Q$�� 0!GG 0!G '(&S"�E �,��$#",- ,$ P ,G#*

�
UP

;L79�:8J47 NP
M87 ;8L2;=78T;L �;:;J4L=LT9�?62;L3

L?
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�+*,"-"*�'$(" �%%*��%+*"$ '$& F���"$ O�, G = (V, V0, V1, E,Win)�,$ O>,�"�X ⊆ V
* M!$$ 0�T$,�(�$ U,(

Attrσ(X) := {v ∈ V | O>* σ  !# �,$� R&* +* >&G,#,&$!"�W O#(!#��,�,QE �,$� '&G* x ∈ X ∪ Tσ
�Q �((�,- �$}

Tσ := {v ∈ V1−σ | vE = ∅}

Y := V \ Attrσ(X)

Y ,G# �,$� �2??5 )O( O>,�"�( σ � 0*  * O>,�"�( 1 − σ  !# �,$� R&* +*�>&G,#,&$!"�WO#(!#��,�� QE %&$ ��0�E y ∈ Y �Q �!(!$#,�(�$� 0!GG 0!G O>,�" ,$ Y S"�,S#*
&E J&"��$0�$ G#�""�$ U,( �,$�$ �U�,#�$ P�U�,G )O( O!#� HI %&(*
������ � $� +,$G- (/$1Q$� �,"# Σ(V ) = {0, . . . , m − 1} &0�( Σ(V ) =
{1, . . . , m}

*
F,( )O (�$ �,$� &$0Q1#,&$ $!- |Ω(V )| X

•
)O( |Ω(V )| = 1 �,"#X O>,�"�( σ ��U,$$# !""� Q$�$0",- �$ '!(#,�$*

W1−σ = Attr1−σ(T1−σ)

Wσ = V \W1−σ





>&G,#,&$!"� O#(!#��,�

•
)O( |Ω(V )| = m > 1 �,"#X &* +* Ω(V ) = {0, . . . , m − 1} � G&$G# �"�,- ��(�QE�$#!#,&$ E,# %�(#!QG- #�$ O>,�"�($*
O�#�� X1 := {v ∈ V | O>* /  !# >&G* .�U,$$G#(!#��,� %&$ v !QG} * O�, g�,$� >&G,#,&$!"� .�U,$$G#(!#��,� %&$ O>,�"�( / !Q) X1

*
��"�" >&G,#,&$!"� .�U,$$G#(!#��,� f ∗ )O( O>,�"�( I !Q) V \X1R=⇒ W1 = X1

Q$0 W0 = V \X1
W

R/W V \ X1
,G# �,$� J!""� )O( O>,�"�( /* +G �,S# !"G& �,$� >&G,#,&$!"�

+J!""�$G#(!#��,�- f %&$ O>,�"�( I� QE �Q �!(!$#,�(�$� 0!GG 0!G O>,�",$ V \X1

S"�,S#*
RHW O�, Y := Ω−1(0)\X1 �Z = Attr0(Y )

* O�, a �,$� >&G,#,&$!"� +�##(!1V#&(G#(!#��,�- %&$ O>,�"�( I� U�"- � %&$ ��0�E z ∈ Z \ Y �(�U,$�#�0!GG Y ∪ T0
�((�,- # U,(0*
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� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �

� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �

� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �

X1

W ′
1

W ′
0

Z

Ω−1(0)

RJW V ′ = V \ (X1 ∪ Z)� G′ = G � V ′
*

G′  !# U�$,��( '(,&(,#/#�$ !"G G*
%!- &$0Q1#,&$G%&(!QGG* �,"# 0�( O!#� )O( G′ X V ′ = W ′

0 ∪W
′
1
Q$0�G �,S# >&G,#,&$!"� .�U,$$G#(!#��,�$ f ′ S�U* g′ %&$ O>,�"�( I S�U*O>,�"�( / !Q) W ′

0

S�U*W ′
1

*
� W ′

1 = ∅ � 0�$$

g + g′ : x 7→





g(x) x ∈ X1

g′(x) x ∈W ′
1

,G# >&G,#,&$!"� .�U,$$G#(!#��,� %&$ O>,�"�( / !Q) X1 ∪ W ′
1

*
�S�( X1

�$# /"# S�(�,#G 2??5 '&G,#,&$�$� %&$ 0�$�$ O>,�"�( /
>&G,#,&$!" ��U,$$#*

RLW O�, f ∗ = f ′ + a+ f � 0*  *

f ∗(x) =






f ′(x)
)!""G x ∈W ′

0 = V ′

a(x)
)!""G x ∈ Z \ Y

f(x)
)!""G x ∈ Y

@"!!"
f ∗ ,G# .�U,$$G#(!#��,� )O( O>,�"�( I !Q) V \X1

*

LP
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� � � � � �
� � � � � �
� � � � � �
� � � � � �

� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � � X1

G

V ′ = W ′
0

Z

Ω−1(0)

LS
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+(U�,#�(� P!G,G)&(E!",GEQG RJ�� QL� -&$�Q$-#,%� �Q�(,�GW 0Q(- J,K>Q$1#�%&$ 0�)* (�"* �>�(!#&(�$*
J&(E�" ϕ(R, x)� O,�$!#Q( τ ∪ {R} � |x| = k RO#�"",�1�,#RRWW* O�, A

�,$� τ VO#(Q1#Q(
; Fϕ : R︸︷︷︸

⊆Ak

7→ Fϕ(R) = {a ∈ Ak | (A, R) |= ϕ(R, a)}︸ ︷︷ ︸
⊆Ak

*
F!G G,$0 0!$$ J,K>Q$1#� %&$ Fϕ(R)

$ F,- #,�G#� J,K>Q$1#"&�,1�$X 1"�,$G#�K �(�'#� J,K>Q$1#�*
�! �
��#��������
�
O�, B Q�$�� Q$0 F : 2B → 2B E,# B = Ak �A 2$,%�(GQE %&$

A� F 0�T$,�(#0Q(- J&(E�" ϕ(R, x)
*

R/W X ⊆ B ,G# J,K>Q$1# %&$ F � U�$$ F (X) = X
*

RHW 1"�,$G#�( RS�U* �(�GG#�( J,K>Q$1#W %&$ F X
X E,#

• F (X) = X

•
)O( !""� Y E,# F (Y ) = Y �,"#X

X ⊆ Y (
S�U* Y ⊆ X)

RJW F E&$&#&$
X ⊆ Y =⇒ F (X) ⊆ F (Y )

;�%� 44 '��*��� 5$��%"*) �5>5; 6C=C3C=5 ��5;23C; F : 2B → 2B
42357=5= D?57=835= �7*�<=D3 ?B�(F ) <=> 57=5= @;�� 35= �7*�<=D3 @B�(F )� <=> ��2;

?B�(F ) =
⋂

{X | F (X) = X} =
⋂

{X | F (X) ⊆ X}

@B�(F ) =
⋃

{X | F (X) = X} =
⋃

{X | X ⊆ F (X)}

������ O�, S = {X ⊆ B | F (X) ⊆ X} E,# Y =
⋂
S
*

Y ,G# J,K>Q$1# %&$ F X F (Y ) ⊆ Y � Y ⊆ X
)O( !""� X ∈ S

*
M! F E&$&#&$� F (Y ) ⊆ F (X) ⊆ X Q$0 F (Y ) ⊆

⋂
S = Y

*
Y ⊆ F (Y ) X F (Y ) ⊆ Y

�������
=⇒ F (F (Y )) ⊆ F (Y )� !"G& F (Y ) ∈ S

*
3I
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Y =
⋂
S ⊆ F (Y )

*
Y ⊆ X

)O( !""� X E,# F (X) ⊆ X � ,$GS�G&$0�(� )O( !""� X E,# F (X) = X
*

=⇒ Y 1"�,$G#�( J,K>Q$1# ,$ F *
JO( �)> !$!"&�*
&$0Q1#,%� N&$G#(Q1#,&$ %&$ ")>(F )X O#Q)�$ Xα Rα �(0,$!"�W

X0 = ∅, Xα+1 = F (Xα), Xλ =
⋃

α<λ

Xα

�"6$�%�+$ �7
F  �,'# 7=><D37)� U�$$ Xβ ⊆ Xα

)O( β < α
*

@"-"*�'$( A Q&$&#&$� �>�(!#&(�$ G,$0 ,$0Q1#,%� 0*  *
X0 ⊆ X1 ⊆ · · · ⊆ Xα ⊆ Xα+1 ⊆ · · ·

+G �,S# 1"�,$G#�G �(0,$!" β E,# Xβ+1 = Xβ =: X∞
J,K>Q$1# RJ'W %&$ F *

β =: cl(F ) U,(0 �SG- "QGG&(0,$!" %&$ F ��$!$$#*
."--� E

F
7=><D37) =⇒ |cl(F )| ≤ |B|

������ O�, |B|+
0,� 1"�,$G#� N!(0,$!"�! "� U�"- � > |B| ,G#* F,( $� E�$!$� 0,� P� !Q>#Q$� G�, )!"G- * JO( ��0�G α < |B|+ �K,G#,�(# xα ∈ Xα+1 \Xα

*
M!$$ ,G#

{xα | α < |B|+}︸ ︷︷ ︸
��
� |B|+

⊆ B.

 F,0�(G>(Q- �Q( �$$! E�� 0,� P� !Q>#Q$� G�, )!"G- *
;�%� 47

F 6C=C3C= =⇒ ?B�(F ) = X∞ �
������ +G �,"#X ")>(F ) ⊆ X∞ R0! X∞ J,K>Q$1#W*'�( &$0Q1#,&$ "/'# G,- ��,��$� 0!GG Xα ⊆

")>(F )
)O( !""� α *M! ")>(F ) =

⋂
{Z | F (Z) ⊆ Z} � (�,- # �G �Q ��,��$� 0!GG

Xα ⊆ Z
)O( !""� Z E,# F (Z) ⊆ Z

α = 0 X #(,%,!"

3/
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α→ α + 1 X
Xα+1 = F (Xα) ⊆︸︷︷︸

F �������
F (Z) ⊆ Z

Xα ⊆ Z (α < λ)

Xλ =
⋃

α<λ

Xα ⊆ Z

&$0Q1#,&$ )O( �)>(F )X
Y 0 = B,

Y α+1 = F (Y α),

Y λ =
⋂

α<λ

Y α

Y 0 ⊇ Y 1 ⊇ Y 2 ⊇ · · · ⊇ Y α ⊇ Y α+1 ⊇ · · ·

1&$%�(�,�(# �Q Y ∞ RJ,K>Q$1#W Q$0 �G �,"# Y ∞ = �)>(F )
*

M�( �Q F 0Q!"� �>�(!#&( G�, ,E J&"��$0�$ E,# F d S���,- $�#� F d : X 7→

F (X)
*

• F E&$&#&$ =⇒ F d E&$&#&$
•
")>(F ) = �)>(F d)� �)>(F ) =

")>(F d)

Xα O#Q)�$ 0�( ")>V&$0Q1#,&$ %&$ F
Y α O#Q)�$ 0�( �)>V&$0Q1#,&$ %&$ F d




Y α = Xα

α = 0 X
Y 0 = B = ∅ = X0

α→ α + 1 X
Y α+1 = F d(Y α)

����
= F ( Y α︸︷︷︸

Xα

) = Xα+1

λ X
Y λ =

⋂

α<λ

Y α =
⋂

α<λ

Xα =
⋃

α<λ

Xα = Xλ

3H
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."--� � �57
B

5=>?794� F : 2B → 2B 6C=C3C=� F �5;5945=�2; 7= �C?�=C�675??5; �573 /��@?� B��
=⇒ ?B�(F ) ���� @B�(F ) 87=> �C?�=C675?? �5;5945=�2;� >� 4�

X0 ⊆ X1 ⊆ · · · Xβ = ?B�(F )
B(; β ≤ |B|

/�5>58 Xα+1 783 2<8 Xα �C?�=C675?? �5;5945=�2;��
�!� ���
J� Q$0 1"�,$G#�K�(�'#� J,K>Q$1#�*
�"6$�%�+$ �. LJ'X �(U�,#�(� J&(E�"S,"0Q$�G(���"$ ,$ J� 0Q(- 

• O�, ϕ(R, x)
J&(E�" 0�( O,�$!#Q( τ ∪ {R} � |x| = O#�"",�1�,#(R) = k

*
• R G�, $Q( >&G,#,% ,$ ϕ *
• t G�, MQ>�" %&$ M�(E�$� |t| = |x|

*
M!$$ G,$0 !Q- 

[
")> Rx.ϕ(R, x)](t), G&U,�
[�)> Rx.ϕ(R, x)](t)

J&(E�"$ %&$ LJ' 0�( O,�$!#Q( τ E,# )(�,�$�!(,!S"�$ (free(ϕ)−{x1, . . . , xk}∪
free(t)

���&�
� $�� ���
O�,

A τ VO#(Q1#Q(* M!$$ �,"#
A |= [

")> Rx.ϕ(R, x](t)� U�$$
t
A
∈
")>(Fϕ).

�
Fϕ : 2A

k

→ 2A
k

, R 7→ {a | A |= ϕ(R,A)} 6C=C3C=� 0! R >&G,#,% ,$ ϕ *�+G �,"# !$!"&�
A |= [�)> Rx.ϕ(R, x](t)� U�$$

t
A
∈ �)>(Fϕ).

3J
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@"��)�"� �4 R/W MR� �U�,G#�"",�� 0�"!#,&$ E � G = (V,E)
*

M!$$ U,(0 MRREW 0Q(- 0,� J&(E�"
ψ(u, v) := [

")> Txy.Exy ∨ ∃z(Exz ∧ Tzy)](u, v)S�G- (,�S�$*+G �,"# 0!$$X
T 0 = ∅

T 1 = E

T 2 = {(x, y) | ∃z((x, z) ∈ E ∧ (z, y) ∈ E)} ∪E

= {(x, y) | dist(x, y) ≤ 2}***
T n = {(x, y) | dist(x, y) ≤ n}

T∞ = TC(E)

RHW P�#(!- #� 0,� J&(E�"
ϕ(u, v) := [

")> Ty.Euy ∨ ∃x(Tx ∧ Exy)](v)
M!$$ �,"# T n = {y | dist(u, y) ≤ n}

*
@"��)�"� �7 O�, ϕ := ∀y(y < x → Ry) �,$� J&(E�" !Q) �,$�( >!(#,�""�$
�(0$Q$� (A,<)

* P�#(!- #� 0,� ")>VJ&(E�"
[
")> Rx.ϕ(R, x)](x)RE,# 0�( P�0�Q#Q$�X +%&$ x !QG 1�,$� Q$�$0",- �$ !SG#�,��$0�$ N�##�$-� 0* *

<
)Q$0,�(#W*

M!$$ �,"#X
(A,<) |= ∀x[

")> Rx.ϕ](x)+G �,"#X
R0 = ∅

R1 = {a | ¬∃b0 : b0 < a}

R2 = {a | ¬∃b0b1 : b0 < b1 < a}

Rn = {a | ¬∃b0 . . . bn−1 : b0 < b1 < · · · < bn−1 < a}

Rω = {a | ∃n ∈ ω : ¬∃b0 . . . bn−1 : b0 < · · · < bn−1 < a}

3L
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ω + 3

ω + 2

ω + 1

Rω

1

1

1

1 2

2

2

3

n

. . .

@"��)�"� �. O�, �,$ O>,�" G = (V, V0, V1, E) ����S�$* M�T$,�(� 0!$$
GAME := {(G, v) | O>,�"�( I  !# .*O* )O( G %&$ v !QG}

E,# 0�$ )&"��$0�$ +,��$G- !)#�$
•
"�GS!( ,$ ",$�!(�( ��,#

• PV%&""G#/$0,�
• $,- # J�V0�T$,�(S!(+G �,"# 0!$$X
(G, v) ∈ GAME ⇐⇒

G |= [
")> Wx.(V0x ∧ ∃y(Exy ∧Wy)) ∨ (V1x ∧ ∀y(Exy → Wy))](v)

E,# ψ(x) ∈ LJ'*F,� ,G# ��#�# 0,� RM!#�$WVN&E>"�K,#/# 0�G Q&0�"VR �-1,$�V'(&S"�EG )O( ψ$

C"(!"
A

R�$0",- � O#(Q1#Q(W
@"*" !$""

ψA = {a | A |= ψ(a)}RS�U*� U�$$ ψ �,$ O!#�� �$#G- �,0� &S A |= ψW
C"�"�(%" F : B → B >&",$&E,�"" S�(�- �$S!(

=⇒
")>(F ), �)>(F ) >&",$&E,�"" S�(�- �$S!(
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=⇒ ,$ '&",$&E,!"��,# "�GS!(*
;�%� 4. �(; � 5>58 ψ(x) ∈ ��* 783 >75 �<=D37C= A 7→ ψA �C?�=C675?? �5;5�945=�2; /�5�(@?794 ‖ A ‖

��
�Q) ��&(0$�#�$ �$0",- �$ O#(Q1#Q(�$ (A, <)

�
<

",$�!(� �(0$Q$� !Q) A� �,"#G&�!(X
LJ' ≡ 'M&Q+

R$!- 0�E O!#� %&$ &EE�E!K�!(0,W�0* * )O( ��0� JQ$1#,&$Q : (A, <) → QA!Q) ��&(0$�#�$ �$0",- �$ τ VO#(Q1#Q(�$ �K,G#,�(# �,$� J&(E�"ψ ∈ LJ'� G& 0!GG)O( !""� (A, <)X
QA = {a | (A, <) |= ψ(a)}

�!� ��� ���&	�
µ��&	��	

+G �,"#X
J�

→ LJ'
QL → Lµ

Lµ
X +(U�,#�(� QL QE )&"��$0� 0���"XU�$$ ϕ(X) �,$� J&(E�" ,G#� ,$ 0�( 0,� �QGG!��$%!(,!S"�$ $Q( >&G,#,%%&(1&EE�$� 0!$$ G,$0 !Q- 

µX.ϕ Q$0
νX.ϕ

J&(E�"$ %&$ Lµ
;"-�$%��"
O�, K M(!$G,#,&$GG,G#�E E,# 2$,%�(GQE V

* M!$$ 0�T$,�(# ϕ(X)
0�$ �>�(!V#&(

Fϕ : 2V → 2V

X 7→ {v | (K, X), v |= ϕ}

O& 0�T$,�(# S�,G>,�"GU�,G� ϕ = Pv3X
0�$ �>�(!#&( Fϕ : X 7→ {v | v ∈

P &0�( �G �,S# w ∈ vE ∩X}
*+G ��"#�$ 0,� )&"��$0�$ +,��$G- !)#�$X

3?
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• X >&G,#,% ,$ ϕ =⇒ Fϕ
E&$&#&$

• K, v |= µX.ϕ :⇐⇒ v ∈
")>(Fϕ)

• K, v |= νX.ϕ :⇐⇒ v ∈ �)>(Fϕ)F�,#�(X
QL ≤

J�
ϕ 7→ ϕ∗(x) E,#

K, v |= ϕ ⇐⇒ K |= ϕ∗(v)Q$0
Lµ ≤ LJ'

ψ := µX.ϕ 7→ ψ∗(x) = [
")> Xy.ϕ∗(X, y)](x)

@"��)�"� �= .�Q+ ,G# LµV0�T$,�(S!(* +G �,"#X
(G, v) ∈ .�Q+

⇐⇒ G, v |= µW.(V0 ∧ 3W ) ∨ (V1 ∧ 2W )
JO( G#(,1# !"#�($,�(�$0� O>,�"� !Q) G = (V,E)X

(G, v) ∈ .�Q+
⇐⇒ G, v |= µW.32W

@"��)�"� �A P�#(!- #� ψ = µX.2X
* M!$$ �,"#X

K, v |= ψ ⇐⇒ %&$ v !QG �K,G#,�(�$ 1�,$� Q$�$0",- �$ ')!0�
ψ := νX. µY.3((P ∧X) ∨ Y )︸ ︷︷ ︸

{v|v→∗
≥1 P∧X}

P ,G# �((�,- S!(X µX.Pv3X
X0 = V

X1 = {v | v
∗
→P}

X1 = {v | v
∗
→P}

X2 = {v | v
∗
→P

∗
→P}***

Xn = {v | v
∗
→P

∗
→· · ·

∗
→P}

M!$$ �,"#X
K, v |= ψ ⇐⇒ �G �,S# �,$�$ ')!0 %&$ v � !Q) 0�E P Q$�$0",- &)# ��#(&'�$U,(0

3I
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�!� �

�����&���� ��� µ��&	��	�

• RML� RML∗ � LML� * * *'ML ≤ Lµ

• Lµ
 !# JQ' RT$,#� E&0�" >(&>�(#,W

��*�

ψ := ∀y∃z Fyz ∧ (F← ,G# )Q$0,�(#)
∧∀y[

")> Ry.∀x(Fxy → Rx)](y)

FFF F

)=5=>?794D57382*7C6
F,( U,GG�$ S�(�,#G� 0!GG 0!G 2$�$0",- 1�,#G!K,&E $,- # LµV!QG0(O-1S!( ,G#*

• O!#(Lµ) ,G# �$#G- �,0S!( RQ$0 �U!( ,$ +N'M&Q+W
• Lµ

,G# ,$%!(,!$# Q$#�( P,G,EQ"!#,&$� 0*  *
K, v ∼ K′, v′, K, v |= ψ =⇒ K′, v′ |= ψ

• Lµ
 !# P!QEE&0�""�,��$G- !)#�0*  * ψ �()O""S!( =⇒ �G �,S# P!QEE&0�"" T , v |= ψ

• !Q#&E!#�$# �&(�#,G- � Q�# &0�$ )O( Lµ
3P
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•
+G �,"#X

Lµ ≤
QO�

µX.ψ 7→ ∀X((∀yψ∗(X, y) → Xy) → Xx)

• Lµ ≡
S,G,EQ"!#,&$G,$%!(,!$#�G J(!�E�$# %&$ QO�

•
Q&0�"VR �-1,$�VO>,�"� )O( Lµ K LJ'

�!� ����	������
�
���
�	� ���
Lµ

� ���
O�, ϕ ∈ LJ' K

Lµ
,$ %��!#,&$G$&(E!")&(E� �* P*

¬[
")> Tx ψ(T, x)](z)

≡[�)> Tx ¬ψ[T/¬T ]](z)

+G ,G# F d
ψ(T ) = F (T )

*
#$%���%'$( "�$"� B�*�%	%��)�"��
O�, G = (V, V0, V1, E,Ω)� Ω : V → {0, . . . , d− 1}

*
&==2465=�

• min(Ω(V )) = 0

• ��0�( N$&#�$ v E,# Ω(v) = 0  !# ��$!Q �,$�$ %!- )&"��( s(v)*

0

0

v0

v0  17 17 = max(Ω(v))

F,( 0�T$,�(�$
T := {v | Ω(v) = 0}, G&U,�

G− : G & $� N!$#�$ ,$ E ∩ (T × V ),

3S
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0*  * 0,� N$&#�$ ,$ T G,$0 #�(E,$!"*P�#(!- #� 0,� J&"�� (Gα)α∈�� R�$ � �(0,$!" %QES�(GWX
G− + .�U,$$S�0,$�Q$� )O( T︸ ︷︷ ︸

T=Tα0 ]T
α
1�$ '&G,#,&$�$ v ∈ T ασ

 !# O>,�"�( σ 0!G O>,�" Gα ��U&$$�$*
JO( ��0�G α �,"#X

V = W α
0 ]W α

1︸ ︷︷ ︸������
�������
• W α

0 /W
α
1
 /$��$ !S %&$ T α0 ] T α1

• T α+1
0 /T α+1

1
 /$��$ !S %&$ W α

0 ]W α
1
X

T 0
0 := T (T 0

1 = ∅)

T α+1
0 := {v ∈ T | s(v) ∈W α

0 }

T λ0 :=
⋂

α<λ

T α0 λ L,E�GV�(0,$!"

•
+G �,"#
W 0

0 ⊇ W 1
0 ⊇W 2

0 ⊇ · · · � Q$0
W 0

1 ⊆ W 1
1 ⊆W 2

1 ⊆ · · ·
*

•
+G �,S# �,$ α E,#
W α

0 = W α+1
0 =: W∞

0

W α
1 = W α+1

1 =: W∞
1."--� � '#$%���%'$(��"--�) �8 @7?3�

W∞
0 = W0

<=> W∞
1 = W1

W0 � W1
�5�5794=5 >75 :5�7==;5@7C= >58 � 5�57?7@5= ��75?5;8 7= G �

������ J,$0� ��U�,"G O#(!#��,� f )O( O>,�"�( I S�U* g )O( O>,�"�( / ,$ G � E,#0�( O>,�"�( σ %&$ !""�$ v ∈W α
σ
��U,$$#*

fα ,G# .�U,$$G#(!#��,� )O( O>,�"�( I ,$ Gα E,# .�U,$$E�$�� W α
0 = W∞

0

*
 

O#(!#��,� f )O( G X

f(v) =





fα(v) v ∈ V0 \ T

s(v) v ∈ V0 ∩ T

?I
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f ,G# .�U,$$G#(!#��,� !Q) W∞
0

*
JO( �,$� '!(#,� v0v1v2 . . .

��E/' f Q$0 v0 ∈W∞
0

�,"#X
vi ∈W α

0 \ T =⇒ vi+1 ∈ W α
0 , f

α .�U,$$G#(!#��,�
vi ∈W α

0 ∩ T = W α+1
0 ∩ T =⇒ s(v) ∈ W α

0

'!(#,� U,(0 ��U&$$�$ %&$ O>,�"�( I* 2$#�(G- �,0�X
• T U,(0 $Q( �$0",- &)# ��#(&'�$

=⇒ !S �,$�E ��U,GG�$ 'Q$1# ,G# '!(#,� 1&$G,G#�$# E,# fα ,$ Gα

• T U,(0 Q$�$0",- &)# ��#(&'�$
=⇒ E,$,E!"� '(,&(,#/#� 0,� Q$�$0",- &)# %&(1&EE#� ,G# I*

JO( v ∈ V∞1
G�, ρ(v) = min{β | v ∈W β

1 }
*

JO( ��0�G α G�, gα .�U,$$G#(!#��,� %&$ O>,�"�( / )O( Gα *
=⇒ O#(!#��,� g X

g(v) =





gρ(v)(v)

)!""G v ∈ V1 \ T

s(v)
)!""G v ∈ V1 ∩ T

O�, π = v0v1v2 . . .
'!(#,� ��E/' g %&$ v0 ∈W∞

1

* M!$$ �,"#X
• vi ∈W∞

1

=⇒R/W vi+1 ∈ W∞
1RHW ρ(vi+1) ≤ ρ(vi)RJW vi ∈ T =⇒ ρ(vi+1) < ρ(vi)

• vi ∈W∞
1 \ T � ρ(vi) = α

=⇒ vi ∈W α
1 =⇒ vi+1 ∈W α

1

• vi ∈W∞
1 ∩ T � ρ(vi) = α

=⇒ vi ∈ T α1 , α = β + 1, s(v) ∈W β
1

=⇒ ρ(vi+1) ≤ β < α = ρ(vi)
*

�QG 0�$ 2$#�(>Q$1#�$ R/W� RHW Q$0 RJW )&"�#� 0!GG O>,�"�( / ��U,$$#*
T U,(0 Q$�$0",- &)# ��#(&'�$� Q$0 π ,G# !S �,$�E ��U,GG�$ 'Q$1# 1&$G,G#�$#E,# O#(!#��,� gα )O( Gα *

?/
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;�%� 4= �57
ψ(x) ∈ LFP � A 57=5 �3;<D3<; <=> a ∈ A

� �2== @7?3
A |= ψ(a) ⇐⇒

��75?5; � @5�7==3 G(A, ψ(a)).

������ F,( )O (�$ &$0Q1#,&$ OS�( ψ * M�( ,$#�(�GG!$#�G#� J!"" ,G# 0!S�,X
ψ(x) := [�)> Tx.ψ](x)

 G(A, ψ(a))  !# 1"�,$G#� '(,&(,#/# I R+$#)!"#Q$�G"�EE! �,"#W*
J,K,�(� &$#�(>(�#!#,&$ T0

)O( T � E,# &$0Q1#,&$G%&(!QGG�#�Q$�
(A, T0) |= ϕ(T ) ⇐⇒ O>* I ��U,$$# G((A, T0), ϕ(T ))

M!$$ �,"#X
A |= [�)> Tx.ϕ](a)

⇐⇒ (A, T α) |= ϕ(a)
)O( !""� α

⇐⇒ O>* I ��U,$$# G((A, T α), ϕ(a))︸ ︷︷ ︸
Gα

)O(
G=G(A,ψ(a))

)O( !""� α
⇐⇒���������� O>* I ��U,$$# G(A, ψ(a)).

�!� �&�
������
�	�

• '!(,#/#GG>,�"� G,$0 G>��,�""� QQ""�(VO>,�"�
• �,�"� O>,�"� "!GG�$ G,- !Q) '!(,#/#GG>,�"� (�0Q�,�(�$� U�$$ !Q- E,#�(�'�(�E O>,�"�(!> *
• '!(,#/#GG>,�"� G,$0 �C8737C=2? 0�#�(E,$,�(#*
•

M,� P�(�- $Q$� 0�( .�U,$$(��,&$�$ ,G# ,$ NP ∩ R&VNP
*

•
JO( 0,� S�G#�$ 0�#�(E,$,G#,G- �$ �"�&(,# E�$ �Q( L�GQ$� %&$ '!(,#/#GVG>,�"�$ �,"#X
O�, G = (V, V0, V1, E,Ω)

0!G '!(,#/#GG>,�"*
� '"!#�X O (d · |V |)� d = |Ω(V )|

&$0�K %&$ G
� ��,# X O

(
d · |E|

(
|V |
d/2

)d/2)�

?H
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0*  * >&",$&E,!" ,$ ‖ G ‖ Q$0 �K>&$�$#,�"" ,$ d *
• O#(!#��,�%�(S�GG�(Q$�G!"�&(,# EQG

� 1&((�1#
� E��",- �(U�,G� >&",$&E,!"
� ,$ 0�( '(!K,G �Q#

M,� !$��G>(&- �$�$ +,��$G- !)#�$ G,$0 0�(��,# P�G#!$0#�," !1#Q�""�(
J&(G- Q$��$*

• '!(,#/#GG>,�"� G,$0 0,� Q&0�"VR �-1,$�VO>,�"� )O( LFP/Lµ
�!� ����	������
�
 ���

LFP/Lµ

A, ψ 7−→ G(A, ψ)
M!$$

‖ G(A, ψ) ‖∼ |ψ| · |A|kE,# k = F�,#�(ψ) = max{|
)(�,(ϕ)| | ϕ 2$#�()&(E�" %&$ ψ} *M!G  �,'# )O( Lµ X

‖ G(K, ψ) ‖= O (‖ K ‖ ·|ψ|)
M,� �$�! " 0�( '(,&(,#/#�$ ,$ G(A, ψ) ,G# 0!$$

1 + �"#�($!#,&$G#,�)� %&$ ψ,
U&S�, 0,� �"#�($!#,&$G#,�)� 0,� �$�! " �- #�( �"#�($,�(Q$��$ %&$ ")>K�)>RS�U* µKνW S���,- $�#*JO( U,- #,�� J(!�E�$#� %&$ Lµ ,G# 0,� �"#�($!#,&$G#,�)� 1"�,$X

•
S�, CTL S�#(/�# G,� I�

•
S�, CTL∗ S�#(/�# G,� /*

?J
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�!� ����	������
�
�����	��
���

Lµ
" JO( Lµ �,"#X

��,#X O

(
d2 ·

(
|ψ|·‖K‖
(d+1)/2

)(d+3)/2
)

� d �"#�($!#,&$G#,�)�
'"!#�X O (d· ‖ K ‖ ·|ψ|)

• NP ∩ R&VNP RG&�!( UP ∩ Co− UP W
• >&",$&E,!" ,$ ‖ K ‖ � |ψ|
• �K>&$�$#,�"" ,$ �"#�($!#,&$G#,�)�

.FB" JO( LJ' �,"#X
��,#X O

(
d2 ·

(
|ψ|·|A|�

�����
ψ�

(d+1)/2

)(d+1)/2
)

• NP ∩ R&VNP
)O( J&(E�"$ E,# S�G- (/$1#�( F�,#�

•
+N'M&Q+V%&""G#/$0,� )O( J&(E�"$ E,# Q$S�G- (/$1#�( F�,#� RG&�!(E,# $Q( �,$�E LJ'V�>�(!#&(W

&$G��G!E# �,"# !"G& )O( 0!G LJ'VQ&0�"VR �-1,$�X

•

S�G- (/$1#� F�,#��S�G- (/$1#� �"#*#,�)�



 =⇒ 'M&Q+

•
Q$S�G- (/$1#� F�,#��RS�G- (/$1#� �"#*",�)�W




 =⇒
+N'M&Q+

•

S�G- (/$1#� F�,#��Q$S�G- (/$1#� �"#*#,�)�



 =⇒ $&- Q$S�1!$$#
�"*-'%'$(" RE,# �&(G,- # �Q ��$,�'�$�W
M,� )&"��$0�$ '(&S"�E G,$0 ,$ '&",$&E,!"��,# "�GS!(
R/W P�(�- $Q$� %&$ .�U,$$(��,&$�$ ,$ '!(,#/#GG>,�"�$
RHW Q&0�"VR �-1,$� )O( LJ'VJ&(E�"$ E,# F�,#� k R)O( ��0�G k ≥ 2W

?L
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RJW Q&0�"VR �-1,$� )O( Lµ
@"-"*�'$( E F�$$ �,$�G 0�( 0(�, &S�$ !$��G>(&- �$�$ '(&S"�E� ,$ 'M&VQ+ ,G#� 0!$$ !""�* +G �,"# $/E",- 

(3) ≤p (2) ≤p (1)

�!�
Lµ
�����
���&���
� $�� ���
����

���� 
� �&�
�����

��
�	��
O�, G �,$ '!(,#/#GG>,�" E,# '(,&(,#/#�$ 0, . . . , d− 1 � 0*  *

G = (V,E,E0 . . . , Ed−1, A0, . . . , Ad−1︸ ︷︷ ︸����������� ����������
)

E,#
Ei = {v ∈ V0 | Ω(v) = i}

Ai = {v ∈ V1 | Ω(v) = i}

;�%� 4A ��75?5; � 423 57=5 :5�7==83;235@75 7= G
)C= v 2<8 @>��

G, v |= νX0µX1νX2 . . . λXd−1 ϕ

673 ϕ =

d−1∨

i=0

(Ei ∧ 3Xi) ∨ (Ai ∧ 2Xi)

︸ ︷︷ ︸
Wind

������ P�#(!- #�Q&0�"VR �-1,$�VO>,�"G(G,Wind)
X ,EF�G�$#",- �$ /�Q,V%!"�$# �Q G G�"SG#*Y�0� +G,$$%&"" ��G>,�"#�- '!(#,� %&$ G(G,Wind)

�$#G>(,- # �,$�( '!(#,� %&$
G E,# 0�$ �"�,- �$ '(,&(,#/#�$*

O>,�"�( I ��U,$$# G %&$ v !QG
⇐⇒ O>,�"�( I ��U,$$# G(G,Wind)

%&$ (Wind, v)
!QG

⇐⇒ G, v |= Wind

Ldµ = {ψ ∈ Lµ | �"#*#,�)�(ψ) ≤ d}

?3
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7

3

5

2

0

v

w

z

E7

E3

A5

A2

G : O>,�"�( I

O>,�"�( /

∗

0
0

0

1

1

1

· · ·

 

 

(Wind, v) (ϕ, v) (E7 ∧ 3X7, v)

(E7 ∧ 3X7, v)

(A2, v)

(3X7, v)

(X7, v)

Ω(X7, w) = 7

(ϕ,w)(A5 ∧ 2X5, w)(2X5, w)
(X5, z)

Ω(X5, z) = 5

;�%� 4E '@*�&6"�&) �75 &?3���75;2;9475 )C= Lµ 783 83;7D3� >� 4� B(; � 5>58 d5*78375;3 57= ψd ∈ Ldµ � 8C >288 D57=5 �C;65? ϕ ∈ Ld−1
µ

5*78375;3 673 ψ ≡ ϕ �

Ldµ 6≤ Ld−1
µ+,$ P�,G>,�" )O( ψd !QG 0�E %&(!$���!$��$�$ O!#� ,G# Wind

*
.�U,$$(��,&$�$ ,$ '!(,#/#GG>,�"�$ E,# d '(,&(,#/#�$ G,$0 LdµV0�T$,�(S!(� !S�($,- # Ld−1

µ
V0�T$,�(S!(*

??


