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Solution 1 (10 points)

Let P be a linear time property. Prove that P is a liveness property if and only if closure(P) = (2AP )w.

Solution:
P is a liveness property iff closure(P) = (24F)".

—> Let P be a liveness property. Then pref (P) = (2AP)*. Hence

closure(P) = {0" € 2AP)W | pref (o) C pref(P)}

247) | pref (o) € (2*7)"}
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<= Let closure(P) = (247)”. We show that pref(P) = (ZAP)*: Therefore assume that there exists
& € (247)"\ pref (P). Then pref(60") € pref (P) for all o” € (247) and hence 60" ¢ closure(P).
In this way, we obtain a contradiction to our assumption. Therefore, pref(P) 2 (ZAP )* and our
claim follows.



Solution 2 (10 points)

Let P denote the linear time property over the set AP = {a, b} of atomic propositions such that P consists
of all infinite traces o = AgA1Ay--- € (QAP)W that satisfy

Vi>0. (Ai=0 = 3k>i (be AgAVjed{i,....k—1}.a ¢ Aj)).
(a) Specify an LTL formula ¢ such that Words(p) = P.
(b) Give an w-regular expression for P.
(c) Apply the decomposition theorem and give w-regular expressions for Py, e and Piye.

Solution:

(a) O((maA=b) — (=a)Ub)

(b) Let £ = ({a} + {b} + {a,b} + 0F.({b} + {a,b})).
Then P = L, (E¥).

(¢) We obtain the safety and liveness properties as follows:
Pyoe = closure(P)
=L, (B + E*.0)
=L, <({a} +{b} + {a, b} + 0F.({b} + {a,b}))” + ({a} + {b} + {a,b} + OT.({b} + {a, b}))*.@“’)
Pyape = (27F)".0.{a}. (247)"
Pige = PU ((227)°\ Pug )
= P U Psgfe
= ({a} + {b} + {a,b} + 0F.({b} + {a,b}))* + (22F)".0.{a}. (27F)".



Solution 3 (44 5+ 1 points)
Let ¢ = (a A OQa)U(—(—-aUa)) be a LTL formula over AP = {a}.

(a) Compute all elementary sets with respect to closure(p)!
Hint: There are 7 elementary sets.

(b) Use the algorithm from the lecture to construct the GNBA G, with £.,(G,) = Words(p):

e Define the set of initial states and the acceptance component.

e Depict the transition relation of G.
Hint: Tt suffices to consider the reachable elementary sets only!

(c) Informally describe the language £, (G, ).
Solution:

(a) The elementary sets are:

a OQa —ala aANQa ¢
B0 0 0 0 1
By |0 O 1 0 0
Bs |0 1 0 0 1
By,0 1 1 0 0
Bs|1 0 1 0 0
Bsg|1 1 1 1 0
B;|1 1 1 1 1

(b) The GNBA G, = (Q, %, 6, Qo, F) is defined by:

Q = {B1, B2, B3, By, Bs, Bg, Br}
5 =20 = {0, {a}}
Qo = {Bu1, B3, Br}
F ={F-aua, Fp}
F-qua = {B1, B3, Bs, Bg, Br}
F, = {B1, By, B3, By, Bs, Bs }
The transition relation ¢ is given by the following

graph representation (where also the unreachable
parts are outlined — not necessary in the exam):

(c) The accepted language L., (G,) is the singleton {(*}.



Solution 4 (2 + 4 + 4 points)

Let P denote the set of traces 0 = AgA1Ag--- € (2AP)W over AP = {a,b} such that there exist infinitely
many indices & > 0 with A, = (). Consider the following transition system T'S:

For each of the fairness assumptions
(a) ‘7:1 = ({{Oé}}, {{ﬁ}a {5’7}}’(6) and

(b) F2 = ({{o}}, {{8}, {6}, {~}}.0}):
Decide whether T'S =z, P for i = 1,2. Justify your answers!

Solution:
We consider each of the fairness assumptions F; for i € {1,2}: We have T'S |=x, P iff FairTracesr, (TS) C

P. Because of Oﬂo k. A, = 0, each trace has to visit s3 infinitely many times.
(a) T'S }£x, P: Consider the execution m = (sgs2s151)”. It is Fi-fair but 7 £ OO (—a A —b).
(b) TS |:_7:2 P:

e Any trace that reaches s4 is not Fs-fair as « is executed only finitely many times.
This is in contradiction to our F3 yeond = {{a}}

e Therefore s3 LR S4 18 never taken.
e Because of {7} € F2 strong, the a-loop of s; cannot be taken infinitely long.
e Because of {3} € F2 srong, We take the transition sg 2 infinitely often.

e Because of {0} € F2 strong, We take the transition so 2,3 infinitely often.

Therefore FairTracesr (T'S) C P and T'S =7, P.



Solution 5a (4 + 6 points)

Consider the following transition systems 7'S7 and T'Ss:

TSl :

(a) Compute T'S1/ ~ and T'Sy/ ~.

(b) Decide whether TSy ~ T'Ss. Explain your answer.

Solution:

(a) The quotient transition systems for 7Sy and T'Sy are:

{a}
R =Id R = {(t1,t5), (t2,t3), (t2,t6) }"
[s1] = {s1} [s2] = {s2} [t1] = {t1,t5}
[s3] = {s3} [sa] = {sa} [ta] = {t2,t3,t6}
[s5] = {s5} [ta] = {ta}

(b) T'S1 « T'Sy: Note that s1 % t1 as s1 has successors in three equivalence classes whereas t; only has
successors to [to] and to [t4].



Solution 5b (4 + 6 points)
Let ¢ be an LTL-formula, T'S = (S, Act,—,I, AP, L) be a transition system and s € S.

(a) Prove or disprove: s = ¢ <= s} —p.

(b) Prove that ¢(a A Ob)W—b = O(=bV O(a AD)).
Solution:

(a) Let ¢ = Oa and consider the transition system

a (51){a}
(50)
(52){b}

Then so £ = O a (because of m = s¢s1) and s¢ £ Oa (because of T = sgs2).
Therefore sg = ¢ <~ sg = .

(b) We proceed as follows:

Sla A TOb)W(=d) = < [(a A Ob)U(=d) vV O(a A Ob)]
= O(a AOb)U(—b) v &O(a A Ob)
= &b Vv O(Oa A OOD)
= O-bV O(Da A Ob)
= O-b Vv OO(a Ab)
= O(=bV O(a AD)).



