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i) Es gilt für t ≥ 0 und c > 0:

P (X − EX ≥ c) = P (X − EX + t ≥ c + t)
c+t>0

≤ P ((X − EX + t)2 ≥ (c + t)2).

ii) Für beliebiges t ≥ 0 gilt nach der Markov-Ungleichung:

P ((X − EX + t)2 > (c + t)2) ≤ P ((X − EX + t)2 ≥ (c + t)2)

≤ 1

(c + t)2
· E((X − EX + t)2)

=
E((X − EX)2) + 2t

=0︷ ︸︸ ︷
E(X − EX) +t2

(c + t)2

=
VarX + t2

(c + t)2
=: f(t).

Setze σ2 := V ar(X) und suche das Minimum von f (quadr. Funktion).

f ′(t) =
2t(c + t)2 − 2(c + t)(σ2 + t2)

(c + t)4
=

2t(c + t)− 2(σ2 + t2)

(c + t)3

f ′(t0) = 0 ⇔ 2t0(c + t0)− 2(σ2 + t20) = 0,

⇔ 2ct0 + 2t20 − 2σ2 − 2t20 = 0,

⇔ t0 =
σ2

c
. (f ′′(t0) > 0, also Minimum).

f(t0) =
σ2 + t20
(c + t0)2

=
σ2 + σ4

c2

(c + σ2

c
)2

=
c2σ2 + σ4

c4 + 2σ2c2 + σ4

=
σ2(c2 + σ2)

(c2 + σ2)2
=

σ2

c2 + σ2
.

Es folgt:

P (X − EX ≥ c)
(i)

≤ P ((X − EX + t0)
2 ≥ (c + t0)

2)
(ii)

≤ σ2

c2 + σ2
=

VarX

c2 + VarX
.
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